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Abstract: The Gaunt coefficient is one of the important coefficients to be known for
calculating molecular integrals in quantum theory of coupling of three angular momenta.
Generally, these coefficients are calculated analytically by using the properties of the
associated Legendre polynomials. In this study, Gaunt coefficients were calculated
algebraically by using the recurrence relations and orthogonality conditions of spherical
harmonics and different mathematical expressions were obtained from known analytical
expressions for Gaunt coefficients in terms of factorial functions or binomial coefficients. By
using the program written in the Mathematica programming language, both the analytical
expressions and the algebraic expressions were calculated, and the numerical results obtained
were compared. Numerical results are in quite agreement with the literature and each other.
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1. Introduction

Since atoms and molecules are quantum mechanical systems, in order to study their
electronic structure, physical and chemical properties, the Hamiltonian operator of the
system must be written, and the Schrédinger equation of the system must be solved. The
repulsive Coulomb potential energy term between electrons in atoms and molecules
depends on the distances between two electrons and is inversely proportional to the
distance term dependent on the coordinates of both electrons. Therefore, this interaction
term between electrons cannot be written separately depending on the coordinates of
individually electrons. This makes it impossible to solve the Schrédinger equation
analytically for multi-electron systems without using approximate methods. It should be
known that there is no mathematical difficulty in single-electron systems. The most
suitable coordinate system to solve the Schrodinger equation in such systems is
spherical coordinates. If spherical coordinates are used, the kinetic energy operators of
individual particles are written as

_ R (1 0 (2 6) L? )
B 2m (r? or r or h2 r2

the form of the square of the angular momentum operator.

In central field problems, since the Hamiltonian operator of the system commute with
the square of the angular momentum and the component z of the angular momentum.
The spherical harmonics are the eigenfunctions of L? and also the eigenfunctions of the
Hamiltonian operator. Therefore, the angular part of the spatial wave functions of all
atoms and molecules is composed of spherical harmonics.
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Spherical harmonics are given by associated Legendre polynomials, P/™, as follows [1]

2041 (I—m)!
nr,4) = (_1)m\/ 4Z EZ+Z§!

Spherical harmonics for negative superscript is given by

P™(cosf) et™¢, m >0 (2.3)

v, ¢) = (0™ [v™6, )] (2.0)

Spherical harmonics have a very wide range of applications not only in atomic and
molecular physics, but also in solid-state physics, nuclear physics, astrophysics, and
many areas of chemistry.

In the second part of this study, functions consisting of the product of spherical
harmonics and trigonometric functions are written again in terms of spherical
harmonics. In the third part, the Gaunt coefficients are calculated algebraically using the
integral expression for the Gaunt coefficients and the recurrence relations of the
spherical harmonics in the second part. The numerical results of the obtained
mathematical expression are calculated with the Mathematica program, the results are
presented as Table 1 in the fourth part. The accuracy of the results found was checked
using the orthogonality relation and compared with the literature.

2. Material and Method
2.1. Recurrence relations for spherical harmonics

In multipole moment transitions that occur as a result of the interaction of atoms with
the external electric and magnetic fields, the products of one spherical harmonic and
trigonometric function (or product of trigonometric and exponential function) emerge.
To calculate multipole moment integrals, it is possible to write recurrence relations for
spherical harmonics using the recurrence relations provided by the associated Legendre
polynomials. Some of these relations are given below [1, 2].

M =M+ 1)(L+M+1) (L—-M)(L+M) M
cost ¥, (6, ¢) = \/ (2L+1)(2L+3) Vit + \’ (2L-1)(2L+1) Vi (3)
: M i¢p — _ [EAMADLAMA2) p4q L-M-1)(L-M) ,pm+1
sind Y;"(6,¢) e J (2L+1)(2L+3) Vi + (2L-1)(2L+1) L (4)
: M —igp _ |EmMAD@-M+2) g [LAM-DEAM) y—1
sinf Y, (0,¢) e J (2L+1)(2L+3) Vi (2L-1)(2L+1) e (5)

(L+1)2-M?)((L+2)2-M?) |
(2L+1)(2L+5) L+2

(2L —1)(2L + 3) cos?2 8 YM(0,¢) = (21 — 1)\/

+[2L(L +1) —2M? — 1] YM (6)

L*-M3)((L-1)2-M?) y
+(Zl+3)\/ (2L+1)(2L—3) Yi-z

(2L — 1)(2L + 3) sinf cosBe'® YM(0,¢p) =

214



DOI:10.29233/sdufeffd. 1312399 2023, 18(3): 213-222

_ _ (L4+1)2-M2)(L+M+2)(L+M+3) p+1
(@l 1)\/ (2L+1)(2L+5) Yiiz

—2M + DJL(L +1) — M(M + 1) Y1+ (7

(12-M2)(L-M-1)(L-M~2)  p41
+(2l+ 3)\/ (2L+1)(2L-3) Y=

(2L — 1) (2L + 3) sinf cosOe P YM(6,¢) =

_ (L+1)2-M2)(L-M+2)(L-M+3) 1
(2L 1)\/ (2L+1)(2L+5) Vit

-2M = 1DJL(L+1) - MM - 1) YM ! 8

_ L2-M2)(L+M-1)(L+M-2) -1
@+ 3)\/ (2L+1)(2L-3) iz

(2L — 1D (2L + 3) sin? 6 e?? YM(6,¢) =

2L-1 (L+M+4)! yM+2
(2L+1)(2L+5)\ (L+M) ~L+2
2L+3 (L—-M)! M+2
+ (2L+1)(2L—3)\/ (L—M-4)! Y2 ©

_ (L+M+2)!(L—M)! M+2
2\’ (L—M—=2)!(L+M)! 6

(2L — 1)(2L + 3) sin?0 e 2P YM(6,¢) =

2L-1 (L-M+4)! yM=2
J@L+D)(2L+5) ] (L-M)! ~L+2
2L+3 (L+M)! M—2
+ (2L+1)(2L—3)\’ (L+M-4)! Y= (10)

L-M+2)I(L+M)! p—2
_2\/(L+M—2)!(L—M)! 6
In many-particle systems, the total angular momentum of the system is composed of the
vector sum of the orbital angular momenta of the particles. The situation is a bit more
complicated in atoms and molecules. Because, in addition to the orbital angular
momenta of the electrons, there are also spin angular momenta that are independent of
the orbital motion. In atoms and molecules, the total angular momentum which is
expressed of the sum of these two angular momenta, needs to be investigated. H
Hamiltonian operator of the system commutes with L?,S2,L, and S, so that these are
constants of motion and corresponding quantum numbers [, s,m; and m, are all good
quantum numbers. It is possible to write the wave function of the system that is
composed of the individual wave functions of the electrons (superposition principle). In
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this case, the linear combination coefficients are called Clebsch — Gordan coefficients
[2] and are defined in terms of F(a, b) binomial coefficients [3] as follows.

Cllel,lzmz = (lymy Lm, |11, LM) = (11, LM|l;my [,m;)

F(2ly,ly+l;—L) F(2ly,l; +15—L) ]1/2

=65 [
Mmy+ma | p(1 41, +L+ 1,01 +ly—L)F (211,11 —my )F (21,1, —my ) F(2L,L—M)

(11)
L2ACDF(+l; = L, 2)

F(lu—lL,+ Ll —my—2)F(-l; +, + L, l,+m, — z)}

where the summation index z is described in Refs. [2, 3].

To calculate the Clebsch — Gordan coefficients, the raising/lowering operators of the
angular momentum operators are used. This is quite laborious task for high quantum
numbers. In the use of computers, there is a problem of memory stacking. Clebsch —
Gordan coefficients have been calculated analytically by many researchers using
analytical methods, and the results are generally given in terms of factorial functions or
binomial coefficients [4-12].

Clebsch — Gordan coefficients are the most general coefficients related to rotational
motion. Therefore, all other coefficients related to rotation are written in terms of
Clebsch — Gordan coefficients. One of these rotation coefficients is the Gaunt
coefficient. Gaunt coefficients are defined as the product of three spherical harmonics
by following form in terms of Clebsch — Gordan coefficients [13-19].

FOI’ AM = my—m,

2T ,TC
Vi m, = f f (IQTl) Y2 Y sinf df d¢ (12)
0 0

:(_1)m2J(211+1)(212+1) clo LM

41 (2L+1) 110,10 %13my,l;—m;

and for AM = m; + m,

2T T
yLM o f f Yy (VM) sing dO do (13)
0 0

limq,lym,

— QL+1)Q21L+1) .10 CcLM
41 (2L+1) 110,10~13my,l;m;

Using the Clebsch — Gordan coefficients given in Refs. [5, 7, 20] in terms of factorial
and binomial coefficients and Eqgs. (12, 13), the Gaunt coefficients are written in terms
of generalized hypergeometric functions whose argument is equal to 1 [21].

LM _
Yl1m1,lzm2 - (

1)311”2;& (1+(—1)’1+’2+L) @4 +1) (2L +1)(2L+1)
2 41T

(14)

216



DOI:10.29233/sdufeffd. 1312399 2023, 18(3): 213-222

Ip+L-1 l1+1+L
F(lz, Z 2 1) F( 1 22 ) lz) F(lz+L—m1,lz—L+m1)
(ll+lz +L+1) F(2L,2m1)

F(—ll+lz+L,L) F(ZL,ll—lz‘l‘L) F(L+M,L—M) F(2m1+2m2,2m1)
F(l1+lz+L,2L) F(ZL,L) F(L,lz—ll) F(ll+lz +L,2L) F(lz+m2,lz—m2)

F [l1+m1+1,—ll+ my,—L+M 1]
2 -l —L+my, ,— L+ my+1

In this study, Gaunt coefficients were calculated algebraically using the recurrence
relations of spherical harmonics and numerical values were obtained by using the
Mathematica programming language [22].

2.2. Gaunt coefficients

According to Eqg. (12 or 13), the expansion of spherical harmonics given by Eq. (2)
should be used to calculate the Gaunt coefficients analytically. Since the double integral
over a sphere (both 8 and ¢ limits are constant) is product, the Gaunt coefficients are
written as the product of two independent integrals. While it is difficult to calculate
integrals via the associated Legendre polynomials, it is quite easy to calculate the
integral via the azimuthal angle which gives the necessary selection rules for the Gaunt
coefficients to be nonzero. The selection rules are AM = m,; + m, according to the
spherical harmonic chosen as the complex. If the Gaunt coefficients are calculated using
the Egs. (12-14), these selection rules must be taken into account. Because, when the
condition AM = m; — m,, is satisfied, the Gaunt coefficient is different from zero but
the Clebsch — Gordan coefficient becomes zero unless m, = —m, in the expressions for
the Clebsch — Gordan coefficient.

When algebraic methods will be used instead of analytical methods to calculate the
Gaunt coefficients, recurrence and orthogonality relations of spherical harmonics given
by Egs. (3-10) will be used. For [, =1 and m, = 0, if special values of spherical
harmonics for this quantum sets is used, Eq. (12) rewritten as follows

VEM o= |= [T L™ (cost ¥ sind df dgp

In this equation, if the recurrence relation given by Eq. (3) is replaced with the product
of trigonometric function and spherical harmonics, the orthogonality relation of
spherical harmonics is used in the integral expression and then obtained.

LM _ (L-M+1)(L+M+1) L+1M (L—M)(L+M) L—1M
Yiymy 10 = ﬁ{\/ @Lr@eis)  (amuoo T \ @L-D@L+1) Yllml'oo} (15)

In order to calculate the Yz%l,lo Gaunt coefficients, it is sufficient to give only L and M
guantum numbers to this obtained equation.

By changing the values of the [, and m, quantum numbers and repeating the above
operations, the Gaunt coefficients for different quantum sets can be obtained as follows:

LM ] (L+M+1)(L+M+2) L+1M+1 _ (L—M)(L—M—l) L—-1M+1
Vi, 11 = /3/2 {\/ (2L+1)(2L+3) Y100 \ @L-DeL+D Yi{ms,00 } (16)

(17)
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LM _ (L-M+1)(L-M+2) L+1M-1 _ (L+M)(L+M-1) L—1M—-1
Yim,1-1 = V3/2 {\/ @irDGLs)  Tlmi00 \} @-D@LrD)  lms,00 }

LM _ 3 _ (L+1)2-M2)((L+2)2-M?) 1 42Mm
Yl1m1.20 - \/E{Z(ZL—l)(ZL+3) l(ZL 1)\/ (2L+1)(2L+5) Yl1m1,00

+(L(L+1) —-2M?-1) YI%LOO (18)

(L2-M2)((L-1)2-M?) . _ 1
(ot +3) [EG g |1 v, o)

LM _ E 1 _ ((L+1)2-M2)(L+M+2)(L+M+3) L+2M+1
Yl1m1,21 - 3\/; {(2L—1)(2L+3) l(ZL 1)\/ (2L+1)(2L+5) Yl1m1,00

+(2M + YL + 1) — M(M + 1) YEM+L (19)

_ (L2=M2)(L-M—-1)(L-M~-2) (] _2M+1
(2L + S)J LD (L_3) Y1 m,,00 l}

LM _ E 1 _ ((L+1)2-M2)(L-M+2)(L-M+3) L4+2M—1
Vi, 2-1 = 3\/; {(2L—1)(2L+3) l(ZL 1)\/ (2L+1)(2L+5) Yi{m.,00

—(2M = DYL(L+1) = M(M — 1) YA %, (20)

L2-M2Y)(L+M—-1)(L+M-2)

L—-2M-1
—(L+ 3)\/ (2L+1)(2L-3) Y11m1.00 l}
YLM =3 i{ 1 2L-1 (L+M+4)! yLe2Mez
lymy,22 24 L(2L-1)(2L+3) | JCL+DEL+5)\ @L+M) ~11™m1,00
2L+3 ’ L-M)! o L-2M+2 21
+ (2L+1)(2L-3)\ L—M—4)! Yllml,oo ( )
g [@rmrRia-m) yims
(L—M-2)!(L+M)! ~11m1,00
YLM =3 i{ 1 2L-1 WM+ | pe2m=2
limy,2-2 — 24 \(2L-1)(2L+3) |/ (2L+1)(2L+5) (L-M)!  11m1,00
2L+3 , (L+M)! L—2M—2 -
+ (2L+1)(2L-3) \| (L+M—4)! Yl1m1.00 (22)
g [AcMe2) et i
(L+M—=2)!(L—M)! ~l1m1,00

All Gaunt coefficients given by the Eqgs. (15-22) are expressed in terms of the basic
Gaunt coefficient defined as
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3. Results

LM

1
Yllml,OO = \/T_n

611,L 6m1,M

(23)

As can be seen from the Egs. (15-22), it is possible to find the Gaunt coefficients
numerically according to the given quantum sets by calculating the multipliers of the
basic Gaunt coefficients. Given Egs. (14 and 15-22) Gaunt coefficients were calculated
by algorithm written in Mathematica programming language based on these formulas
and the results are given in Table 1. The numerical values given in Table 1 are in

agreement with Refs. [15, 16, 19 and 23].

Written program by using Egs. (14 and 15-22) are run on Intel (R) Core (TM) i5-6200U
CPU @ 2.30 Ghz computer for some sets of quantum numbers and the CPU times are
found, and the results are given in seconds in Table 2. Since the computers used have
different hardware, the CPU times are not compared with the literature.

Table 1. Gaunt coefficients for different sets of quantum numbers by using Egs. (15-22 and 14).

1
I m;, L, m, l m N Egs. (15-22) Eq. (14)
10 5 0 0 10 5 1/2 0.2820947917738781
1
15 8 1 0 14 8 — /4837899 0.2067705997734994
2,/ 83/8
25 8 1 0 26 -8 3/v53 0.2324921981102874
20 13 1 1 19 12 2,/33/533 0.2807685277668304
1
30 45 1 1 31 -16 — - /1081/1281 —0.2591393410513699
> /
1
40 18 1 -1 39 19 ~J77/79 0.09283369360381252
G /
1
15 5 1 -1 16 6 —=J21/31 —0.2321794983075630
5 /
9
12 6 2 0 10 6 V1777 0.1720224711335037
14 T 2 0 14 7 75 0.04747830014554065
186
3
6 5 2 0 8 5 — 0.1298140972960522
V70
14
64 2 1 62 49 30 V/12882/43 0.2152964127263299
7
8 4 2 1 8 3 S 0.1469787348847384
192
2
12 7 2 1 14 6 —0.08711191655125597
—Z J14/19
5 /
38 15 2 -1 36 16 1 1219365 0.1031051798730726
10
53 9 2 1 53 10 _ Y 3370 —0.06752430402507384
109
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8
45 18 2 -1 47 19 BT —0.2477181917039297
5
79 2 2 2 11 2 /5305531643 0.1614399541279544
5
83 65 2 2 8 63 5 e 0.005667160268083574
338
34 21 2 2 34 25 _ 9061 —0.08336799160917377
4757
1
49 5 2 2 47 7 L 73 0.07411766167839542
194
24 9 2 2 26 11 5
> /11176307 0.1871178187511329
96 47 2 -2 9% 49 _ 84V58 —0.1453588997129646
2483

Table 2. Computational times for some sets of quantum numbers in Table 1.
CPU (in seconds)

hoom omy Egs. (15-22)  Eq.(14)
0 5 0 0 10 5 0.234 0.266
3 -15 1 1 31  -16 0.296 0.218
64 50 2 1 62 49 0.328 0.282
53 9 2 -1 53 10 0.329 0.328
83 65 2 2 85 63 0.297 0.344
9% 47 2 -2 96 49 0.266 0.329
4. Conclusion

To check the accuracy of the obtained numerical results, we used orthogonality relation
for the Gaunt coefficients provided by following form [23]

(24)

mi=—1l; 4my=-1I, Yl1m1,lzm2 limglomy; = 710,130 41 (2L+1) L,L'6M.M'

le le LM L' m' __vLo \/(2 IL1+1) (21,+1)

Since the m, value is constant in the Egs. (15-22), it is sufficient to add only summation
via m; instead of the two sums in the orthogonality relation.

In this study, the advantage of the formulas obtained for the Gaunt coefficients is that
they are valid when both selection rules of the form AM = m; + m,, are satisfied.
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