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1. Introduction

The concept of Ricci solitons has become a fascinating issue in the differential geometry and this concept has been studied on
various submanifolds of Riemannian manifolds. For some applications on Ricci solitons, we touch on [1-8], etc. A (semi-)
Riemannian manifold (M, g) is said to be a Ricci soliton if

L¢g(X1,X2) +2Ric(X1,X2) = 2xg(X1,X2) (1.1)

is satisfied for each tangent vector fields X; and X,. In (1.1), LC indicates the Lie derivative, Ric denotes the Ricci tensor, K is a
scalar and { is called the potential vector field. If k is a function then (M, g) is said to be an almost Ricci soliton. Considering
the description of Ricci solitons, every Einstein manifold is a Ricci soliton. This issue is known as shrinking when k > 0,
steady when x = 0 and expanding when x < 0.

In addition to this, concircular vector fields are one of the most utilized vector field to characterize a smooth manifold.
Concircular vector fields were initially observed in the definition of torse-forming vector field which was introduced by K.
Yano [9]. There exist remarkable applications of concircular vector fields in the literature (cf. [10-15]). A vector field £ is said
to be concircular if there is a differentiable function ¢ such that

Vx§ =X
is satisfied for each tangent vector field X. If ¢ = 1, { becomes concurrent.

In the degenerate geometry, Ricci soliton lightlike hypersurfaces were studied in [16]. As a continuation of this study, we
examine Ricci soliton half-lightlike submanifolds and Ricci soliton coisotropic lightlike submanifolds admitting concircular
and concurrent potential vector fields in this paper.
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2. Half-Lightlike Submanifolds

Let (M,3) be a | semi-Riemannian manifold equipped with a semi-Riemannian metric g. Presume that (M, g) to be a lightlike
submanifold (M, g) with the co-dimension 2. Then the radical distribution Rad(7,M) at p € M is determined by

Rad(T,M) ={& e T,M:g(£,X)=0,vX € T,M}.

Denote a complementary non-degenerate vector bundle of Rad(7TM) by S(TM). We note that a lightlike submanifold is usually
indicated by the triple (M, g,S(TM)) [17]. Here, the distribution S(T'M) is said to be a screen distribution and we put

TM = Rad(TM) ® S(TM)

where @,,,; indicates the orthogonal direct sum. If the dimension of Rad(7TM) is equal to 1, then (M, g, S(TM)) is said to be a
half-lightlike submanifold [18].

For each half-lightlike submanifold, there are a 1 —dimensional non-degenerate subbundle I and a 1—dimensional degenerate
subbundle ltr(TM) such that D = Span{U}, ltr(TM) = Span{N} and

g(éaU) = §(N7U):07 §(U’U)7é0»
8(&,N) 1, gN,U)=0

are satisfied.

Let V denotes the Levi-Civita connection on (M,g) and P denotes the projection from I'(TM) to I'(S(TM)). The Gauss and
Weingarten type formulas are formulated by

Vi, Xo = VxXa+B(X1,X2)N+D(X1,X2)U, 2.1)
VN = —AxXi+pi(X))N+p2(X)U, 2.2)
vy, U = —AuX) + W (X))N + i (X))U, (2.3)
and
V,PX = Vi PXo+C(X1,X2)E, (2.4)
Vx & = _AEX]—pl(Xl)év (2.5)

where Vy, X, AvX1,AuXi € I(TM), Vi, PXy, Az X1 € I'(S(TM)), Ay and Ay are the shape operators on I'(TM), Aj is the
shape operator on I'(S(TM)), B(X;,X>) and D(X;,X5) are ingredients of the second fundamental form, p;, P2, W, tp are 1—
forms. From (2.1)-(2.5), it is known that the relations

B(X1,X;) = g(A:X1,X2),
C(X1,X2) = g(AnX1,X2),
D(X1,X2) = g(AuXi,X2)— i (X1)n(Xz),

are satisfied. Here 1(X2) = g(X2,N) [19].
We note that B and D are symmetric but C is not symmetric. Since the relation
(Vx:8)(X1,X2) = B(X3,X2)1(X1) + B(X3,X1)1 (X2) (2.6)

is satisfied, V is not a metric connection. The Lie derivative of g is formulated by

(Lxsg)(X1,X2) = X3g(X1,X2) — g([X3,X1],X2) — 8([X3,X2], X1)
= X38(X1,X2) —8(Vx, X1,X2) — 8(Vx, X2, X1) + 8(Vx, X3, X2) + 8(Vx, X3,X1). 2.7)

From (2.6) and (2.7), we also have
(Lx,8)(X1,X2) = B(X3,X2)n(X1)+B(X3,X1)n(X2) +8(Vx, X3,X2) +g(Vx, X3,X1) (2.8)
or we put

(Lx;8)(X1,X2) = (Vx,8)(X1,X2) +8(Vx, X3, X2) +8(Vx, X3, X1).
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Indicate the Riemannian curvatures of (M, g, S(TM)) and its ambient manifold by R and R respectively. Then the following
equality holds:

S(R(X1,X2)PX3,PXy) = g(R(X1,X2)PX3,PXy)+ B(X;,PX3)C(Xa,PXy) — B(X2, PX3)C(X,PXy)
+D(X1,PX3)D(X>,PXs) — D(X2, PX3)D(X;, PX). (2.9)

Let {Y1,Y>,...,Y,} be a orthonormal frame field on ['(S(TM)). Then the Ricci type tensor R(*?) is determined by

n

ROD (X1, X;) = Z Y, X1)X2,Y)) + g(R(§,X1)X2,N). (2.10)

We note that R(®2) is not symmetric. If S(TM) is integrable, then R(2) is symmetric [17].

A half-lightlike submanifold is called totally geodesic if B = D = 0 and it is said to be irrotational if B(X,&) = 0 for any
X € T(TM) [20]. A half-lightlike submanifold is said to be totally umbilical if there exists a differentiable transversal vector
field H satisfying

B(X1,X2)N+D(X1,X2)U = g(X1,X2)H (2.11)
for any X,X, € I'(TM) [21]. In view of (2.11), it is clear that there exist two differentiable functions H; and H, satisfying
B(X1,X;) = Hig(X1,X;) and D(X1,Xz) = Hyg(X1,X2).
3. Ricci Soliton Half-Lightlike Submanifolds

Let (M, g,S(TM)) be a half-lighlike submanifold of (M,g) Assume that { € ['(TM). Hence one can put
{=CT+ AN+ AU
where {T € I'(TM), f; and f> are differentiable functions on I'(TM). Thus, we get
fi=8(¢,8) and f=¢€g(¢,U)
where € = g(U,U) = F1.

Proposition 3.1. If { is concircular, then the following equalities are satisfied for any X € T'(TM):

Vx{' = @X+fANX + HAUX, (3.1
B(X.¢") = —X[A]l-fAip(X) - o (X), (3.2)
DX, $") = —X[fai]-fip2(X) — foua(X). (3.3)

Proof. 1f £ is concircular, then we put

Vx{ = @X = Vx{ +Vx(fiN) + Vx ().
Using (2.1), (2.2) and (2.3) in the last formula, we get

eX = VxC+BX,{")N+DX,$)U+X[fiIIN — fIANX + fip1 (X)N + fip2(X)U + X [f2]JU
—LAUX + i (X)N + fopa (X)U

Considering the tangential parts ltr(TM) and D, the proofs of (3.1), (3.2) and (3.3) are straightforward. L]
Putting ¢ = 1 in Proposition 3.1, we find
Proposition 3.2. For any half-lightlike submanifold admitting a concurrent vector field §, we have
Vx¢' =X+ fIANX + HAUX.
As a special case for { = T, we find:
Proposition 3.3. For any half-lightlike submanifold admitting a concircular vector field { = {7,
B(X,{")=D(X,{")=0 (3.4)

is satisfied.
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As a result of Proposition 3.3, we find the following theorem:

Theorem 3.4. Let (M,g,S(TM)) be a half-lightlike submanifold. If there exists at least one concircular or concurrent vector
field { =T onT(TM), then Verg=0.

Definition 3.5. A lightlike submanifold (M,g,S(TM)) with a integrable screen distribution is called a Ricci soliton if the
relation

(Leg)(X1,X2) + 2R (X1, Xo) = 2xg(X1,X2) (3.5)
holds for any X1,X, € T(TM). Here, K is a constant and § is called the potential vector field of (M,g,S(TM)).

Remark 3.6. It is known that the Ricci tensor for any lightlike submanifold is not symmetric in general. Hence (3.5) loses
its geometrical meaning since the induced degenerate metric g is symmetric. Thus we investigate Ricci soliton lightlike
submanifolds whose screen distribution is integrable throughout the study.

We shall compute the Lie derivative for half-lightlike submanifolds.
From (2.8) and (3.1), we obtain

(Lgre) (X1, X2) = B(X1,§ )N (X2) +B(X2,§ )N (X1) +208(X1,X2) + 2/18(AnX1,X2) + 2 /28(Au X1, X2). (3.6)
If £ is concurrent, then we easily obtain

(Lerg)(X1,X2) = B(X1,§ )N (X2) + B(X2,§ )N (X1) +28(X1, X2) + 2/18(AnX1, X2) + 2/28(Au X1, Xa). (3.7)
As a special case for { = {7, we obtain from (3.4) and (3.6) that
(Ly78)(X1,X2) = 208(X1, X2).
If { is concurrent and { = T, we obtain
(Lerg) (X1, X2) = 28(X1,X0).

By (3.5) and (3.6), we have:
Theorem 3.7. Let (M,g,S(TM)) be a half-lightlike submanifold admitting a concircular vector field §. Then, (M, g,S(TM))

is a Ricci soliton such that {7 is the potential vector field if and only if the equation

RO (01, %) = — 5B, £ )n(%0) ~ 3BT Xa) (%)~ fig(AvKr, Xo) — ag(AuXs, Xo) + (K — 9)g(Xi. Xo)

holds for any X1,X, € T(TM).
In view of (3.5) and (3.7), we have:
Theorem 3.8. Let (M,g,S(TM)) be a half-lightlike submanifold admitting a concurrent vector field §. Then, (M, g,S(TM))

is a Ricci soliton such that {7 is the potential vector field if and only if the equation

ROV (X1, X,) = *%B(Xl M%) - %B(CTaXZ)n(Xl) — [18(ANX1,X2) — f28(AuX1, X2) + (K — 1)g(X1,X2)

holds for any X1,X, € T(TM).

Theorem 3.9. Let (M,g,S(TM)) be a half-lightlike submanifold admitting a concircular vector field { = {". Then, the
submanifold is a Ricci soliton such that { T is the potential vector field if and only if the equation

RO (X1, X%,) = (k- 9)g(X1, X2) (3.8)
holds for any X,,X, € T(TM). It means that the submanifold is an Einstein manifold.

Theorem 3.10. Let (M, g,S(TM)) be a half-lightlike submanifold admitting a concurrent vector field { = £ T. The submanifold
is a Ricci soliton if and only if the equation

RO (X, X) = (k— 1)g(X1,X2)

holds for any X;,X, € T(TM). In other words, the submanifold is an Einstein manifold. Furthermore if the soliton is steady,
then the Ricci curvature of (M, g,S(TM)) is negative defined.
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In view of Theorem 3.7 we find:

Corollary 3.11. Let (M,g,S(TM)) be a totally geodesic half-lightlike submanifold admitting a concircular vector field §. If
the submanifold is a Ricci soliton, then we find

RO2(X1,X) = — fig(AnX1,X2) — fog(AuX1, X2) + (K — @)g(X1, X2)
Sforany X1,X, e T(S(TM)).
In view of Theorem 3.8 we find:

Corollary 3.12. Let (M,g,S(TM)) be a totally geodesic half-lightlike submanifold admitting a concurrent vector field §. If
the submanifold is a Ricci soliton, then we find

RO2(X1,X) = — fig(AnX1,X2) — frg(AuX1, X2) + (K — 1)g(X1,X2)
Sforany X1,X> e T(S(TM)).

Corollary 3.13. Let (M,g,S(TM)) be an irrotational half-lightlike submanifold admitting a concircular vector field { = &. If
the submanifold is a Ricci soliton, then we find

R<072) (X17X2) = (K_ (P)g(X17X2)
for any X,,X; € T(S(TM)).

Corollary 3.14. Let (M, g,S(TM)) be an irrotational half-lightlike submanifold admitting a concurrent vector field { = &. If
the submanifold is a Ricci soliton, then we have

for any X1, X, € T(S(TM)).

Example 3.15 ( [22]). Consider a submanifold in R with the signature (—,—,+,+,+) and local coordinate system
{z1,22,23,24,25} given by

1 1
u=+3)2, z=0-2), z52,22>0.

Thus we find
Rad(TM) = Span{g =7101 + 220> —|—Z4a4},
S(TM) = Span{X; =401 +2104,Xo = —z503+ 2305},
1
tr(TM) = Span {N = g(zl& — 220, +Z484)} ,
3
and

D =Span{U = 2393 +z50s} .

Here {01,02,05,04,0s} is the natural frame field on R3. By a straightforward computation, we obtain that (M,g,S(TM)) is a
half-lightlike submanifold and

Vi E=Xi, Vpé=0, VeE=¢

which show that

B(X1,E) = B(X2,&)=B(X1,X) =B(X2,X:) =0, B(X1,X|) =23,
CX,8) = C(X,8)=C(X1,X) =C(X2,X) =0, C(thl):—%,
D(X1,E) = D(X,E)=D(X,X)=D(X,X;) =0, D(X,X)=1.

From (2.9), we find
ROD(x1,X1) = RO (X5, %) = RO (X1,X2) = 0.

If we consider { = @(& +U), where ¢ is a differentiable function on M and {T = @&, then we obtain { is concircular and
(M,g,S(TM)) is a shrinking Ricci soliton such that {" is the potential vector field and xk = 1.
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Theorem 3.16 (cf. Theorem 3.2 of [23]). Let M(c) be an indefinite space form with constant curvature ¢ and (M, g,S(TM))
be a totally umbilical half-lightlike submanifold with the co-dimension 2. Then the following equality holds:

R(X1,X2)X; = c{g(X2,X3)X1 —g(X1,X3)X2} +Hy {g(X2,X3)AnX1 — g(X1,X3)AnX2 }
+H, {g(X2,X3)Au X1 — g(X1,X3)AuXa} . (3.9

Theorem 3.17. Let (M,g,S(TM)) be a totally umbilical half-lightlike submanifold of M (¢) admitting a concircular vector
field £ = {T. The submanifold is a Ricci soliton such that { ™ is the potential vector field if and only if the equation

K =c+ @+ HtraceAy + HytraceAy (3.10)
is satisfied.
Proof. Let {Y1,...,Y,} be an orthonormal frame field of I'(S(TM)). In view of (2.10) and (3.9), it can be obtained
R(02) (Y;,Y;) = ¢+ HytraceAy + HptraceAy (3.11)
forany i€ {1,...,n}. In view of (3.8) and (3.11) we obtain (3.10). The converse part is straightforward. O

As a result of Theorem 3.17, we obtain

Theorem 3.18. Let (M, g,S(TM)) be a totally umbilical half-lightlike submanifold of M(c) admitting a concurrent vector
field £ = {T. The submanifold is a Ricci soliton such that { " is the potential vector field if and only if the equation

K =c—+ 1+ HitraceAy + HytraceAy

is satisfied.
4. Coisotropic Lightlike Submanifolds

Let (M,g,S(TM)) be a lightlike submanifold of (M,g) with co-dimension 2. If the dimension of Rad(TM) is 2, then the
submanifold is called a coisotropic lightlike submanifold [24]. For any coisotropic lightlike submanifold, there exists the
following quasi-orthonormal basis on I'(TM):

{V1,Y2,.... %, 61,8, N1, No }
where S(TM) = Span{Y},Y,,...,Y,}, Rad(TM) = Span{&,,&,} and ltr(TM) = Span{N;,N, }. It is known that the relations
8(Ni,Gj) = &ij,  &(Ni,Nj) =0
are satisfied for i, j € {1,2}. The Gauss and Weingarten formulas are formulated by

2

VyXo = VxXo+ Y Du(X1,X2)Ny, 4.1
k=1
~ 2
Vi, Nk = —ANXi+ Y pu(X1)N], 4.2)
=1
2
Vx X2 = VyPXo+ Y Ci(X1,X2)&, (4.3)
k=1
2
V& = —ALXi— ) pu,(X1)&, (4.4)
=1

where Vx, X5, Ay X1 € T(TM), Vy, PXa, Az X1 € ['(S(TM)), Ay, are the shape operators on I'(TM), Aj_are the shape operators
onI'(S(TM)), Dy(X1,X2), Cr(X1,X2) are ingredients of the second fundamental forms, py; are 1 —forms for &,/ € {1,2}. In
view of (4.1)-(4.4), we have

Di(X1,X2) = g(A: X1,X2),  Ci(X1,X2) = g(ANX1,X2)

for any k € {1,2}. We note that D are symmetric but Cj are not symmetric. Using the fact that V is a metric connection and
from (4.1), we find

(Vx;8)(X1,X2) = D1 (X3,X2) M (X1) + D1(X3, X1)N1(X2) + D2(X3, X2)n2(X1) + D2(X3,X1) M2 (X2)

which shows that V is not a metric connection [24]. Here, 1(X;) = g(X;, &) and 12 (X) = g(X1,&).
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The Lie derivative is formulated by

(Lx;g)(X1,X2) = Di(X3,X2)n(X1) +D1(X3,X1)Nn(X2) + D2(X3,X2)n (X1) + D2(X3,X1)n (X2)
+g(VX| X3,X2) +g(VX2X3,X1) 4.5)

or, equivalently, we have
(Lx;8) (X1,X2) = (Vx;8) (X1, X2) +8(Vx, X3, X2) + 8(Vx, X3, X1).

Furthermore, the following equality

2
8(R(X1,X2)PX3,PXy) = g(R(X1,X2)PX3,PX4) + Y Di(X1,PX3)Cy (X2, PXy) —
k=1

Dy(X2, PX3)Cy (X1, PXy)

»
[ aglS
L

holds for any X, X,X3,Xs € I'(TM). The induced Ricci type tensor R(©2) of M is formulated by

8]

n

RO (X1,X,) = Z R(Y},X1)X2,Y; Z R(X1,Ex)X2,Ny). (4.6)

We note that R(®2) is not symmetric. If S(TM) is integrable, then R(®2) is symmetric.
A coisotropic lightlike submanifold with co-dimension 2 is said to be totally geodesic if D; = D, = 0 and it is said to be
irrotational [20] if Dy = 0 on Rad(TM) for any k € {1,2}. A coisotropic lightlike submanifold is known as totally umbilical if
there is a differentiable transversal vector field H such that

D1 (X1,X2)N1 + D2 (X1, X2)N2 = g(X1,X2)H
holds for any X;,X, € ['(TM) [22]. In this case, there exist two differentiable functions H; and H, satisfying

Di(X1,X2) = Hig(X1,X2)

forany i € {1,2}.
5. Ricci Soliton Coisotropic Lightlike Submanifolds

Assume that { is a vector field lying on I'(TM). Hence one can put
§=C"+ AN+ o2
where { T € ['(TM) and fi, f> are differentiable functions on ['(TM). Thus we find

fi=g(8,&) and fr=g({,5).

Proposition 5.1. Let (M, g,S(TM)) be a coisotropic lightlike submanifold of (M, ). If { is concircular, then the following
equalities are satisfied for any X € T(TM):

Vx¢T = oX+ fiAn X + HANX, (5.1
Di(X,¢") = —X[Ai]- firn(X)— frpa(X),
Dy(X,¢") = —X[f]- fipna(X) — fop2a(X).

Proof. 1f { is concircular, we find
Vx$ =X =Vx{T+Vx(fili)+Vx(HN).
In view of (4.1) and (4.2), we get

0X = Vx{T+DI(X, N +Da(X,E N2+ X[AIIN — fiAn X + fipit (X)) + f1p12(X)N2 + X [f2] N>
—HANX + 2021 (X)N1 + fop2(X)N>

In view of the last equation, we obtain (3.1), (3.2) and (3.3) immediately. ]

Putting ¢ = 1 in Proposition 5.1, we have:
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Proposition 5.2. For any coisotropic lightlike submanifold admitting a concurrent vector field, we have
Vil =X+ fidy X + HANX.
As a special case for £ = {7, we have:

Proposition 5.3. For any coisotropic lightlike submanifold admitting a concircular (or concurrent) vector field { = 7, we
have

Di(X,{T)=DyX,CT)=0.

Theorem 5.4. Let (M,g,S(TM)) be a coisotropic lightlike submanifold. If there exists at least one concircular or concurrent
vector field { = {7 on T(TM), then Verg=0.

Using (4.5) and (5.1), we arrive at

(Lgrg)(X1,X2) = Di(§T,X)m (X)) +Di(CT,X0)m (%) + D287, X2)ma(X1) +Da(8 T, X1) M2 (Xa)
+28(0X1,X2) +2f18(AN, X1, X2) +228(AN, X1, X2) (5.2)

for any X;,X, € I(TM). If { is concurrent, then we obtain

(Lerg) (X1, %) = D¢, X)m(X1) +Di(& ", X0)m(X2) + D2, Xo)ma(X1) +Da(E T, X1)ma(Xa)
+2g(X1,X2) +2f18(AN, X1,X2) +2/28(AN, X1, X2). (5.3)
As a special case for { = { T, we obtain
(Le78)(X1,X2) = 208(X1,X0).
If { is concurrent and § = T, we find
(Lerg)(X1,X2) = 28(X1,X0).
From (3.5) and (5.2), we have
Theorem 5.5. Let (M,g,S(TM)) be a coisotropic lightlike submanifold admitting a concircular vector field {. Then,

(M,g,S(TM)) is a Ricci soliton such that { " is the potential vector field if and only if the equation

ROV (X1, X;) = %[—Dl(CTaxz)m(Xl)—Dl(CTvxl)nl(Xz)—Dz(CT’Xz)ﬂz(Xl)

—Da(§", X1)ma(X2) —2£18(AN, X1,X2) — 228(AN, X ,Xz)} + (k- ¢)g(X1,X2)
holds for any X1,X, € T(TM).
From (3.5) and (5.3), we have:

Theorem 5.6. Let (M,g,S(TM)) be a coisotropic lightlike submanifold admitting a concurrent vector field {. Then,
(M,g,S(TM)) is a Ricci soliton such that { " is the potential vector field if and only if the equation

ROD(x, X,) — L[ =Di(§7, X)mi (X)) = D1 (&7, X1)m (X2) — D2 (ST, Xa) Mo (X1)

2| —Da(CT X)) (X2) —2f18(AN, X1, X2) — 2 f28(AN, X1, X2)

is satisfied for any X1,X, € T(TM).

+ (k= 1)g(X1,X2)

Theorem 5.7. Let (M,g,S(TM)) be a coisotropic lightlike submanifold admitting a concircular vector field { = . Then,
the submanifold is a Ricci soliton such that £ is the potential vector field if and only if the equation

ROV (X1.X) = (x— 9)3(X1. Xa) (54)
holds for any X,,X, € T(TM). It means that (M,g,S(TM)) is an Einstein manifold.

Theorem 5.8. Let (M,g,S(TM)) be a coisotropic lightlike submanifold admitting a concurrent vector field { = { . Then, the
submanifold is a Ricci soliton with the potential vector field £ if and only if the equation

is satisfied for any X,,X, € T(TM). It means that the submanifold is an Einstein manifold. Furthermore if the soliton is steady,
then the Ricci curvature of (M, g,S(TM)) is negative defined.
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In view of Theorem 5.5 we find:

Corollary 5.9. Let (M,g,S(TM)) be a totally geodesic coisotropic lightlike submanifold admitting a concircular vector field
. If the submanifold is a Ricci soliton, then the equation

ROV (X1, X,) = (k— 0)g(X1,X2) — f18(ANn, X1, X2) — fog(An, X1, X2)
is satisfied.
As a result of Theorem 5.6 we find:

Corollary 5.10. Let (M,g,S(TM)) be a totally geodesic coisotropic lightlike submanifold admitting a concurrent vector field
. If the submanifold is a Ricci soliton, then the equation

RO (X1, X)) = (k—1)g(X1,X2) — f18(An, X1, X2) — fr8(An, X1, X2)
is satisfied.

Example 5.11. Consider a submanifold in Rg given by

2 24 2, 2\t
u=(1+2)2, B=(5+2)2, z1,22,23,24>0.

Then we find
Rad(TM) = Span{& =z101+20h+z40s, & =2303+2505+2606},
S(TM) = Span{X; =z49) +2104,Xs = 7305+ 2503},
1 1
Itr(TM) = Span {N1 = 2—12(Z131 — 2200 +7303), Ny = 272(633 — 2505 -l—zy%)},
2 5

where {0y, 0,,03,04,05,0} is the natural frame field on Rg. Therefore (M,g,S(TM)) is a coisotropic lightlike submanifold.
By a straightforward computation, we obtain

%Xl & =X, %Xl & =0, %Xzél =0, %X2§2 =X,
Ve b =6, Ve & = Ve, & =0, Ve, b =6, Ve, No =N
VglNl =N, VglNg =0, V§2N1 =0,

In view of (4.1)-(4.4), we obtain
Di(&1,81) = D2(&,82) =D1(61,8) = 0.

Therefore, we have R (X1, X,) = 0. If we consider § = @(&) + &), where @ is a differentiable function and { = T, then we
find (M, g,S(TM)) is a Ricci soliton such that { T is the potential vector field and x = 1. Thus, the submanifold is a shrinking
Ricci soliton.

Example 5.12. Consider a submanifold in R; with the signature (—,—,+,+,+) given by
M= {(uz,uzw, u® cosv,u* sinv,u*w) : v € [0,27),u,w € R}.

Then we have

Rad(TM) = Span{&; = 2u(d) +wds +cosvds +sinvdy +wds), & =u*(dr+0ds)},
S(TM) = Span{X; = u*(—sinvd; +cosvds)},
Itr(TM) = Span {Nl = 217‘(*31 +wd 4 cosvds +sinvds +wds), Ny = 21u2(82+85)},

where {01,003, 04,05} is the natural frame field on R3. Therefore, (M, g,S(TM)) is a coisotropic lightlike hypersurface of
Rg. By a straightforward computation, we find

= 2 = 2 = 2
Vx &1 ==X1, Vgéi=-8&, Vg&i=-6,
u u u
which show that &y is a concircular vector field on (M,g,S(TM)) and (Le, g)(X1,X1) = 2u®. By a direct computation, we get
R(X1,81)X1 = X1, R(X1,6)X1 =0

which shows that R?) (X, X|) = 0. This fact shows that (M,g,S(TM)) is almost Ricci soliton such that k = u%
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Theorem 5.13 (Theorem 3.1 in [24]). Let (M,g,S(TM)) be a totally umbilical lightlike submanifold of M(c). Then the
following equality holds

2
R(X1,X2)Xs = c{g(X2,X3)X1 —g(X1,X3)X2} + Z [Hi {g(X2,X3)An X1 — 8(X1,X3)AN X2 }], (5.3)
=

where the mean curvature vector field H = HiN + HyU.

Theorem 5.14. Let (M, g,S(TM)) be a totally umbilical lightlike submanifold of M(c) admitting a concircular vector field
¢ =T, The submanifold is a Ricci soliton such that { " is the potential vector field if and only if the equation

2
K=c+¢@+ Z HitraceAy;
i=1

is satisfied.
Proof. Let {Yi,...,Y,} be an orthonormal frame field on the screen distribution. From (4.6) and (5.5), we find

2
R(O"Z) (YJ',YJ') =c+ ZH] traceANi (5.6)

i=1
forany j € {1,...,n}. From (5.4) and (5.6), the proof is straightforward. O
As a result of Theorem 5.14, we obtain:

Theorem 5.15. Let (M, g,S(TM)) be a totally umbilical lightlike submanifold of M(c) admitting a concurrent vector field
¢ = ¢ The submanifold is a Ricci soliton with the potential vector field { T if and only if the equation

2
K=c+1+ ZH,-traceANi
i=1

=

is satisfied.
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