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Estimation of Growth Curves of Awassi 
Sheep by Isotonic Regression Analysis

İvesi Koyunlarının Büyüme Eğrilerinin İzotonik 
Regresyon Analizi ile Tahmin Edilmesi

ABSTRACT

This study used isotonic regression analysis to classify non-linear regression models that were 
used to describe the growth curve in relation to different quality fit criteria. The best model selec-
tion was made by using the weight–age data obtained from Awassi sheep. Ten non-linear models 
measured by the fit quality determination coefficient, Akaike information criterion, Bayesian infor-
mation criterion, mean quadratic estimation error, and estimated coefficient of determination 
were used. As a result of different non-linear models that were used to predict the growth curves 
of Awassi sheep and the isotonic regression analysis applied to these models, considering the 
Mean Square Error and R2 values, the Von Bertalanffy model turned out to be the most appropri-
ate model. As a result, it was revealed that the percentage of predictability and goodness of fit of 
the models increased significantly with isotonic regression analysis, and as a result, more consis-
tent adult weight estimations could be made.
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ÖZ

Bu çalışmada farklı kalite uyum değerlendiricileri ile ilişkili olarak büyüme eğrisini tanımlamak 
için kullanılan doğrusal olmayan regresyon modellerini sınıflandırmak için izotonik regresyon 
analiz yöntemi kullanmıştır. İvesi ırkı koyunlarından elde edilen ağırlık-yaş verileri kullanılarak, 
en iyi model seçimi yapılmıştır. Uyum kalitesi belirleme katsayısı, Akaike bilgi kriteri, Bayes bilgi 
kriteri, ortalama ikinci dereceden tahmin hatası ve tahmin edilen belirleme katsayısı ile ölçülen on 
adet doğrusal olmayan model kullanılmıştır. İvesi koyunlarının büyüme eğrilerini tahmin etmek 
için kullanılan farklı lineer olmayan modeller ve bu modellere uygulanan izotonik regresyon ana-
lizi sonucunda MSE ve R2 değerleri dikkate alındığında Von Bertalanffy modelin en uygun model 
olduğu ortaya çıkmıştır. Sonuç olarak, izotonik regresyon analizi ile modellerin tahmin edilebilirlik 
yüzdesinin ve uyum iyiliğinin önemli ölçüde arttığı ve bunun sonucunda daha tutarlı ergin canlı 
ağırlık tahminlerinin yapılabileceği ortaya çıkmıştır

Anahtar Kelimeler: İvesi, büyüme eğrileri, lineer olmayan modeller, izotonik regresyon

Introduction
The emergence of inconsistency in weight–age data leads to the inability to use algorithms that were 
used to estimate the parameters of growth models, resulting in low goodness of fit of these models 
(Silveira et al., 2011). These adverse events are caused by reductions in weight over time due to environ-
mental factors, including nutrient deficiencies, diseases, and general mismanagement. Mendes et al. 
(2009) studies Hereford cattle reared in the south of the country and Silveira et al. (2011) studies from 
crossbred lambs (Dorper × Rabo Largo) mentioned these decreases in growth curves.

These negative features can be eliminated by using a data transformation method that takes into 
account the expected values of the growth curve. Ramsay (1998) and Hussian et al. (2004) proposed a 
data transformation based on isotonic regression as a suitable technique to pre-correct longitudinal 
observations with such drawbacks. Gunn and Dunson (2005) applied this conversion to progesterone 
concentration data and were able to eliminate oscillations that prevented the fit of normal regression 
models.
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Kesbi and Notter (2016) stated that male lambs are heavier at 
birth, they grow faster until weaning, and therefore, they have 
higher body weight than female lambs at weaning. However, 
additive genetic correlations for body weight traits between male 
and female lambs were high, and these traits were thought to be 
controlled by similar genes.

Aytekin et al. (2009) mentioned that linear, cubic, and quadratic 
models can be used to identify the growth of the 2 month fatten-
ing period in Akkaraman and Anatolian merino lambs.

Native cattle breeds in the Northeast of Brazil have been adapted 
to the soil and climatic conditions of this region, thus achieving 
good growth performance in conditions almost always restricted 
to breeding other breeds. Malhado et al. (2009) stated that one of 
the ways to increase meat production in this region is by crossing 
local breeds with specific exotic breeds for meat production, such 
as the Dorper breed. Carneiro et al. (2007) noted that the success 
of such crosses can be effectively evaluated through the analysis 
of the growth curves of animals that relate weight to predefined 
time intervals.

The aim of this study is to estimate the growth curves of Awassi 
sheep, whose body weight decreases in certain age groups, using 
isotonic regression analysis and non-linear models.

Material and Methods
The animal material of the study consisted of 2–5 years old 22 
Awassi sheeps. Data from sheeps were taken from Atatürk Uni-
versity application and research farm in Erzurum.

Isotonic Regression
Let X = {x1, x2, …, xk} be a finite set provided by a binary relation (ε) 
between the elements of X. This type of binary relationship is a 
simple order when the properties are provided:

(1) reflective: x ≺ x for all x € X;
(2) transitive: x, y, z € X, x ≺ y and y ≺ z then x ≺ z ;
(3) anti-symmetric: x, y € X , x ≺ y and y ≺ x then x = y ; e;
(4) every element of X is comparable: x, y, z € X, implies that, x ≺ 

y where y ≺ x.

Definition 1. A function f : (X, x) → R is said to be isotonic if

𝑥1≺𝑥2→ f(𝑥1) ≤ f(𝑥2)

Definition 2. A positive ω: X → R function is called a weight 
function.

Definition 3. Let g be a function on X . a function g is an isotonic 
regression of g with weight ω if and only if g is an isotonic function 
and minimizes.

x X
g x f x x

�� � �� � �� ��
�

�
� � �

2
�

where f varies among all isotonic functions in X. Therefore, g* is a 
restricted least-squares solution for expression.

Isotonic regression is generally done on two types of data sets; 
sets with a simple ordering of observations and sets with a quasi 
ordering of observations. In the current study, only isotonic 
regression theories based on simple order have been considered, 
following the notation by Barlow et al. (1972).

The non-linear regression models presented in Table 1 were 
adapted to the mean weight–age data of sheep using the 
Gauss–Newton algorithm, the ordinary least squares method, 

to compute goodness-of-fit criteria mentioned above, the codes 
in the R software were written (R Core Team, 2014). For all mod-
els shown in Table 1 (Silveira, 2010), parameter 1 represents the 
adult weight of the animal, 2 has no practical interpretation, and 
parameter 3 maturity rate. Models presenting parameter 4 have a 
variable inflection point, and other models have a fixed inflection 
point that was assumed for all models.

Five goodness-of-fit criteria are given as follows: adjusted coef-
ficient of determination (R2adj), Akaike information criterion (AIC), 
Bayes information criterion (BIC), mean squared prediction error 
(MEP), and prediction determination coefficient (R2

p). The state-
ments of these criterias are also presented in detail in Silveira 
(2010).

Results and Discussion 

Table 2 shows the results of criterias of the goodness of fit for 
each model.

Considering the R2
aj value, the highest value was obtained as 

Richards and Gompertz (0.9966), Brody (0.9963), and Von Ber-
talanffy (0.9961). In line with the low MEP values, the lowest val-
ues were detected as Von Bertalanffy (0.4036), Brody (0.4841) and 
Richards, and Gompertz (0.4884), respectively. Considering the 
coefficient of determination values, the models with the highest 
values were determined as Richards and Gompertz (0.9996) and 
Brody and Von Bertalanffy (0.9991), respectively. Also, the AIC and 
BIC values, which we expect to be low, are Richards, Gompertz, 
Brody, Meloun II, and Mitscherlich, respectively, considering the 
models. The mean R2

aj value of 10 different models discussed 
in the study was obtained as 0.9891, and the values of all non-
linear models except the Schnute model are above this mean. 
According to the standard deviation values, the lowest value 
was obtained in R2

P (0.0031), and the highest standard deviation 
occurred in AIC (6.0329). According to the coefficient of variation 
values, the lowest coefficient of variation was R2

P (0.3122) and the 
highest coefficient of variation was found in MEP (124.3532).

Table 3 shows the best goodness of fit in the elderly compared to 
the four models available.

100% unpredictable from the facility were used for the two mod-
els. Isotonic regression reconstruction at different weights (88%) 
by realization (84%) makes a small adjustment in the percentage 
of prediction for the Brody model.

Von Bertalanffy model showed the lowest value (11.7538) in 
terms of MSE. Lewis et al. (2002) obtained that in Suffolk sheeps, 
the Gompertz model is more suitable for estimating growth. 
Aytekin et al. (2010) mentioned that the highest R2 values were 
determined from Cubic, Quadratic, and Gompertz models. In 
addition, the isotonic transformations obtained according to the 
applied models have the expected effect on the fit of the Von Ber-
talanffy model. Therefore, considering the original data, isotonic 
regression transformed data with equal weights, and MSE values 
of isotonic regression transformed data, they were determined as 
12.1208, 13.4178, and 11.7538, respectively. Although it was stated 
that the differences between the models did not have a very high 
effect, it was determined that the Von Bertalanffy model repre-
sented the best R2 value (0.9954), especially as a result of the iso-
tonic transformation with different weights. In Dağlıç and Kıvircik 
male lambs, Akbaş et al. (1999) and in Morkaraman and Awassi, 
Bilgin et al. (2004) reported that the Brody model is the best 
model for describing as unfit between body weight and age in 
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Table 1.  
Non-linear Regression Models to Describe Growth Curves
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Table 2.  
Results of the Quality-of-fit Criteria for the Awassi Sheeps

Model R2
aj AIC BIC MEP R2

P

Schnute 0,9554 48,1214 50,1464 3,9641 0,9914

Mitscherlich 0,9905 29,2778 31,3878 0,5675 0,9954

Richards 0,9966 28,3553 30,5593 0,4884 0,9996

Gompertz 0,9966 28,3553 30,5427 0,4884 0,9996

Logistic 0,9888 30,0104 32,3261 0,6128 0,9924

Meloun I 0,9905 29,2778 31,4635 0,5676 0,9954

Brody 0,9963 28,3278 30,7259 0,4841 0,9991

Von Bertalanffy 0,9961 30,1226 32,3915 0,4036 0,9991

Michaelis–Menten 0,9899 29,3664 31,8548 0,6009 0,9934

Meloun II 0,9905 29,2778 31,8256 0,5678 0,9954

Mean 0,9891 31,0493 33,3224 0,8745 0,9961

Std. deviation 0,0123 6,0329 5,9498 1,0875 0,0031

CV % 1,2408 19,4301 17,8553 124,3532 0,3122

CV, coefficient of variantion; AIC, Akaike information criterion; BIC, Bayes information criterion; MEP, mean squared prediction error.

Table 3.  
Results of the Isotonic Regression with Four Models

Models Methodology %C MSE R2

Richards Original (y) 100 16,5114 0,9874

Simple isotonic regression (y*) 100 15,7802 0,9872

Weighted isotonic regression (y**) 100 12,4841 0,9912

Gompertz Original (y) 100 19,3656 0,9778

Simple isotonic regression (y*) 100 19,8824 0,9705

Weighted isotonic regression (y**) 100 17,3109 0,9815

Brody Original (y) 84 16,1645 0,9875

Simple isotonic regression (y*) 86 17,0837 0,9815

Weighted isotonic regression (y**) 88 13,8619 0,9916

Von Bertalanffy Original (y) 88 12,1208 0,9918

Simple isotonic regression (y*) 90 13,4178 0,9908

Weighted isotonic regression (y**) 92 11,7538 0,9954
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sheep. Therefore, based on the MSE and R2 value, it is possible to 
conclude that the Von Bertalanffy model best predicts the weight 
of Awassi sheep in the conditions of this study, through isotoni-
zation of the data with different weights. Topal and Macit (2004) 
were reported that in their study on 66 Morkaraman sheep, as a 
result of multiple regression analysis, the R2 value of body length 
affecting body weight was 0.282 and MSE value was 31.702 . In 
addition, the fact that it provides 92% convergence shows that 
this model has benefits in terms of ease of convergence as well 
as the quality of fit.

Conclusion 

As a result of different non-linear models that were used to pre-
dict the growth curves of Awassi sheep and the isotonic regres-
sion analysis applied to these models, the Von Bertalanffy model 
was found to be the most appropriate model when MSE and R2 
were taken into account. As a result, it was revealed that the 
percentage of predictability and goodness of fit of the models 
increased significantly with isotonic regression analysis and could 
be made more consistent estimations for adult weight.
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