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1. INTRODUCTION

The idea of approximating functions with polynomials is not only a fundamental aspect of mathematical
analysis, but gives valuable mathematical instrument for a wide range of practical fields. The Weierstrass
theorem asserts that any function £, is able to expressed using a polynomial series that is uniformly convergent
on [a, b]. Bernstein provided definitive proof of the Weierstrass approximation theory using a probabilistic
construction.

The following operators S,, are introduced and investigated by Szasz and known as Szasz Mirakjan operators.
Agrawal et al. (2018) and Aktas et al. (2013).

Sulf;x) =7

= (nx)k (k) (1)

k' 7’ \n

k=0

Wheren € N, x = 0and f € C[0, ) whenever the sum mentioned above convergence. These operators are
generalizations of Bernstein polynomials to the infinite interval. Several authors have investigated and
discussed some approximation properties of the S,, operators.

Varma and Sucu (2022) have given the operators, as follows, (Sucu & Varma, 2019).

k+1
n - r
Wi (3 x) = ADYM2x2B(1) + nxC(1) + D(1)) kZO i(nx) kf flp)de,
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where
AQ9) = z att, B9 = z btitl C(9) = z Gt D) = Z 4t*3 ) Y(9) = ZTiti
=0 i=0 i=0 i=0 i=0

are analytic functions on the disc [z| <y, x > 1. And ay # 0, ¢y # 0, 7o # 0. The polynomials ¢; are
generated by following relation

AQ)Y(x?B(1) +xC(1) + D(1)) = z b, ().
k=0

Under the assumption py(x) = 0 for xe[0, o), the linear positive operators P,(f;x) are introduced by
Jakimovski and Leviatan (1969), I¢6z et al. (2016), Cekim et al. (2019) and Varma (2013).

P.(f;x) = ZZ; i pr(nx)f (g) (1.2)
k=0

where py (x) is Appell polynomials and for neN and gave the approximation properties of these operators with
the help of Szasz’s method.

The generating functions of the Brenke-type polynomials are as follow Chaggaraa and Gahami (2023) and
Atakut and Biiyiikyazci (2016).

A®B® = ) pe (L,
k=0

where py (x) is Brenke polynomials, A and B are analytic functions by

[oe]

A(t)=Zaktk, ag # 0,

k=0

B(t):Zbktk, bo % 0 (k = 0).
k=0

The following linear positive operators are introduced by Varma et al. (2012) including the Brenke type
polynomials (Cheney & Sharma, 1964).

1 = k
Ly(f;x) = mkzopk (nx)f (E) (1.3)

where x = 0 and neN. Taking into consideration that
9D =) g7 (G #0)
j=0

the function g is analytic on the set {z:|z| < Q, Q > 1}, and also g(1) # 0. If polynomials ;, fulfill the
subsequent relation

9D = ) m (e,
k=0

then it is called Appell polynomials (icéz & Cekim, 2015). The previously mentioned polynomials hold
significant importance as special functions, finding diverse applications in engineering and mathematical
analysis.
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If ;. (x) satisfies the following relation

0,(9(0)0,(x9®) = Y m )", )
k=0

then it is called generalized Brenke polynomials. I¢6z & Cekim (2016a) and Rao et al. (2021), where 9, , 9,
and h are functions that are analytic within the specified set

{t:lt] < G, G>1}

such that
0:(t) = Z et (r0 # 0)
k;O
9,(t) = Z ot (rso #0) (1.5)
=0
h(t) = Z Ok, (1) £ 0)

under the following assumptions:
, Ay — Tb‘[
<t< =
(i) 9,(1) #0, £Te) >0, 0<t<k k=012,.
(ii) B:[0,0) — (0, )
(ii) (1.6) and (1.7) converge for |t| < G, (G > 1) where

ot) = ) nrt*, 70 # 0 (1.6)
B(t) = Zb tt, b, #0 (t = 0) 1.7

are analytic functions, and the Kantorovich type of the operators. i¢6z & Cekim (2016b), under the above

assumptions, is defined as
k+1

Kl ) = 55 B(nx)z e () f fode

wheren € N,x >0, f € C[0, ), and p, (x) is the Brenke type polynomlals
Sucu (2022) has given sequence of operators {Lgfl ”2)},121 , 09,05 = 0 as follows:

! Z v (nx)f( (1.8)
0, (9(1))9; (nxg (1)) &

T, (x) polynomials are given by (1.4), and also the polynomials nk(x) and function h satisfies these
conditions h'(1) = 1, m(x) = 0.

k+o
LYY (f; x) = 1)

02

Motivated by the above-mentioned works, we consider the Kantorovich Stancu type linear positive operators
as follows:

k+01+1
*(01,02) ¢ £, — m+ oz
LA (i) = 61(9(1))62(”9(1))2@ ") o, Cf@dp.  (19)

Where feC[0, ) and xe[0, ).

Here, we assume that

(i) 01,02:R — (0,0)

(ii) (1.4) and (1.5) converge for |t| < G, (G > 1).
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This article focuses on the operators of Stancu-type, containing extended Brenke polynomials. the secound

*(01,02)

part provides, some results which are essential for L,, and in the third section, we employ Korovkin
theorem, we are discussing and considering the second modulus of continuity, Peetre's K- functional in the
continuous functions space and Lipschitz class, which are fundamental concepts in approximation theory.

2. SOME RESULTS OF THE OPERATORS L;"""?

Before that, to apply the Korovkin-type theorem to the sequence of operators {L;}(fl'@)}m21 we need to have
some essential lemmas.

Lemma 2.1. If ;. is polynomials fulfilling the equality (1.4), then
) mmo) = 0, (¢(1);(mxg (1)

k=0

(i) ) km(mx) = 0" (9(1)),(mxg (1)) + mxd; (¢(1)9" (mag (1)
k=0

(i) Z k?me(mx) = [(¢" () + 1D3'1(¢(D) + 01 (¢(1))]0,(mxg (1))
k=0

+[20'1 (¢(1) + (¢" (1) + 1)3,(g (1))]0"2(mxg(1))mx
+0,(¢(1))0";(mxg (1)) (mx)?

Proof. Using the relation given by(1.4), we have
al(g(t))az (mxg(t)) = i e (mx)tk.
k=0
For t = 1 we have
0, (9(1))02 (xmg(l)) = i . (Mmx).
k=0

From the relation Y5, 7 (mx)t* = 8, (g(t))d,(mxg(t)), we take the derivative from the both side of
equality and get

D km et = g/ (00" (¢(0)0,(mxg () + mxg(©)3, (¢(6)2", (mxg ®).
k=0

If t = 1and ¢’ (1) = 1, then we obtain
Z km,(mx) = 0, (mxg(l))a’l(g(l)) + mxal(g(l))a’z(mxg(l)).
k=0

As we know

Z ki (ma)t“t = g'(6)9"1((6))02(mxg () + mxg' (£)0,(g())d',(mxg (1)),
k=0
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then we have

Z k(k — D (mx)t*2 = 8"1(¢(1))¢' ()92 (mxg () + 9'1(¢())g" ()92 (mxg.(1))

k=0

+0'1(¢(1)¢' (Ohmxg' ()0’ 5 (mxg (1)) + mxg' ()01 (g(6))9'2 (mxg(1))
+mxg' ()g'(£)0'1(¢(1)0"2 (mxg (1))
+(mx)?g/ ()9, (¢(1) )¢’ ()92 (mxg(1)).

Ift = 1land ¢’ (1) = t, then we acquire

D ke m) = ) ke (mx) = 0" (¢(10)2 (mxg(1)) + 1 (9(1))g” (12, (mxg (1)
k=0

k=0

+mxd’1(g(1))d’,(mxg(1)) + mxg” (1)8,(¢(1))d’,(mxg(1))
+mxd'1(g(t))d’2(mxg (1)) + (mx)?9,(g(1))d""2(mxg(1)).

So, we win
Z k*m,(mx) = 0"1(g(1))9;2(mxg(1)) + 0’1 (g(1))h" (1)d,(mxg (1))
k=0
+mxd’1(g(1))d’,(mxg(1)) + mxg' (1)9,(g(1))d’,(mxg (1))

+mxd’1(g(t))0',(mxg(1)) + (mx)?8,(g(1))d"";(mxg(1)) + Z km, (mx)
k=0

> ko) = 0, (mxg(10)8"1(9(1) + ¢ (123 (1)), (mxg (1)
k=0

+mxd’1(g(1))d’,(mxg(1)) + mxg" (1)9,(g(1))d’,(mxg(1))
+mxd’1(g(t))d’2(mxg(1)) + (mx)?9,(g(1))d"",(mxg (1))
+0'1(g(1))0;(mxg(1)) + mxd1(g(1))d’,(mxg(1))
=[0"1(g¢)(@" M) + 1 +9"1(g(1))]9,(mxg (1))
+[20"1(g¢(1)) + 9, (2(1))(g" (1) + 1)]8',(mxg(1))mx
+01(9(1))8" ;(mxg(1))(mx)>.

Lemma 2.2. For m = 1 we notch-up the following identities:

(i) L9 (1;0) =1,

.. %(01,02) 7 . 1 ma',(mxg(1)) 011(g(1)) | 2v.+1
@) L (S'x)_m“'az( Dy (mxg(D) © T o@Dy T 2 )
1 {mza”z(mxg(l)) 5

x

*(04,0%) 2, —
(UD) Ly 7% (s%5 %) = (m+02)* 9,(mxg(1))
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N <mg 2(mxg(D)[0'1(2(1) + (¢" (1) + 1o, (d(1))] )

01(¢(1))9,(mxg (1))
01(g(1) 3 '
Proof. Using the operator given by (1.9), we have
k+to,+1
L*(ULUZ) 1:x) = m+ 0, m+v,
) = G D)o, (g (D) £ Z O fo,

k+v,+1

_ m+ o, e

~1(g(D)a, (mxg(l)) Z . (ma) (<p|,§ltf,12 )

_ m+ o, 1
B 04 (9(1))62 (mxg(l)) kZ;nk (mx) + 0

As we know from Lemma 2.1.

0,(9(1)0,(mxg (D) = Y m (),
k=0
then we attain

L (1%) = 1.
Using the operator (1.9), we get.

N k+o,+1
*(01,02) m-—+ 0, m+o,
L (5;x) = Zn (mx)
" (D) (mag(D) o Jrer ¥
k+v,+1
+
T o g (v
91(g(1))d,(mxg (1)) 4 mic

_ m+ o, k 201 +1
" 8,(g(1)a, (mxg (D) ;) " () {(m T o2 2m+ 02)2}

[oe]

m+ o,

_ X (mx)L+ink oy 2t L
01(2(1))0,(mxg(1)) i (m+ 0,)2 i 2(m + 0,)?

m+ o,

"~ 01(g(1)3; (mxg(1) {@n oy Z b )+ 50 Z me <mx>}

1

1, ’ |

) (¢(1))d,(mx(1)) {m + 0, (a 1(h(1))0;(mxh(1)) + mxd', (¢(1)) 9", (mxg(l)))
201 +1

t 2m oy 1 (#(D)2: (mxhg,)}
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6'1(9(1)) ma’ (mxg(l)) 20, +1
61(9(1))(m +0,)  0;(mxg(1))(m+ 02) 2(m + 03)

_ 1 <a’1(g(1)) N ma',(mxg (1)) . 20, + 1)
m+0;\0,(g(1))  9,(mxg(1)) 2 )

From (1.9), we come by

k+o,+1
*(01,02) r 2. _ m+ o, m+to,
Lm (S H X) = 61 (g(l))az (mxg,(l)) Z T (M ( ) TI::I_Z}Z
_ m+ o 1( s
~ 0,(9(1))9,(mxg (1)) £ Z e (mx) 3 ("’ ';;;?2 )
_ m+ o, Z" (mx { k? k(20; + 1) 3012+301+1}
01(g(D),(mag (1)) & (Mm+0,)3 (m+0y)®  3(m+0y)3

1 20, + 1
a1 (r(1))a, (mxh(l)) {(m + 0,)? Z ke (max) + m+ 0y)2 Z kmy, (mx)

362 +30; +1
+ ECTT kzonk (mx)}

If we put the values from the Lemma 2.1 in the last equality, then we get
1 {mza"z(mxgm) 2
(m+0y)%2 | 0,(mxh(1))
N (ma"z (mxg)[0':(¢(1) + (g (W) + DA (g(D)] , m(20 + 1>a'2(mxg<1>)) )
01(g(1))d,(mxg(1)) 0, (mxg(1))
(g” D+ 13", (g(1) +9"1(g(D) + 2oy + 1)6’1(4(1)) 30f + 30, + 1}
9,(g(1)) 3 '

Lemma 2.3. Let L";,(l”l’”” be operators which are defined by (1.9), then it follows that:
. 1 d' 1 d' 1 20, +1
(l) Ln(lo-l’o-z)(s —x x) _ {(m z(mxg( )) l(g( )) + 01 }
m+a; |\ 9,(mxg(1)) 9;(g(D) 2

.. *(01,02) _ 2. _ mzauz (mxg‘(l)) _ Zmalz(mxg’(l)) ) 2
(10 L =250 = <az(mxg<1))(m+oz>2 o, (gm0 | )
<m[6’1(g(1)) +(g" (1) + 1)6"2(mxg(1))] N m(20; + 1)6’2(mxg(1))
01(9(1))0,(mxg(1))(m + 03)? (m + 0,)?0,(mxg(1))
_ 20'1(g(1)) 201+ 1>x
(m+ 0'2)61(9(1)) m+ o
(9"(1) +1)0:(g(D) + (¢" (D) + 1D3"1(2(1) + 2oy + 1)3"1(g(D))
(m + 0,)%0,(g(1))

L:r(lapaz) (SZ; x) =

—(m+02)>x+

362 +30; +1
3(m+0,)%
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Proof. According to the principle of linearity of L*;,(fl’”” operators and applying Lemma 2.2
L;SUI'UZ)(S —x;x) = L:r(lO'pO'z)(S; x) — L:r(IO'LO') (x; %) = L’;r(ldpdz)(s; x) — xL:r(lULUz)(l;x)

_ <ma’2(mXQ"(1))x a'l(g)(l)) 20‘1 + 1) 1
,(mxh(D)) (D) 2 Jmto

_ < ma',(mxg (1)) _ 1>x N 1 (6’1(9(1)) N 20, + 1)
0 (mxg{l))(m + 03) m+ o, 01(9(1)) 2 ’

and
L:,(lal'GZ)((s —-x)%x) = L’:,(l'fl"h)(s2 —2sx +x%; x)
= 119072 (52, x) — 2x L1719 (5, x) + x2
_ 1 m?9",(mxg(1)) ,
T (m+ 02)2{ 9, (mxg(D)
N <m[a'1(g(1)) + (g (1) + 1)9,(g(1))]0"' 2 (mxg(1))
01 (g*(l))az (mxg(l))
mQ20, + 1)6’2(mxg(1))>
d, (mxh(l))
MCEOKs D' (g() +3"1(g(D) + 2oy + 13", (g(1))
01 (9*(1))

302+ 30, +1
+%}

2 (mdy(mxg(D) , 09'4(¢(D) | 20, +1 > 2
m+02< 9, (mxg(1)) ¥ 51(4(1)))( z )T

3 < m29"',(mxg(1)) 2ma’,(mxg(1)) ) 5
= - +1)x
9;(mxg(1))(m + 0,)2  9,(mxg(1))(m + a3)

<m[6’1(g(1)) + (g (1) + 1)3"";(mxg(1))] N m(20, + 1)8’,(mxg (1))
0,(9(1))0,(mxg(1))(mn + 0;)? (m + 0,)20,(mxg(1))

_ 20'1(g(1)) 20+ 1>x
(m+0,)0:(g(1)) m+o,
LM+ Do (g() + (¢" (W) + 13 "1 (g(D) + (2v, + D1 (g(D))
(m+ 02)261(9(1))

N 302+ 30, +1
3(m+ 0,)%

Now we define
M1(,(;r1[62) = L”;,(lal’@)(s —X; X)

ML = L7 (s — x)?; %) (2.1)
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Now we define C[0, o0) and C[0, o) to represent the set of all uniformly continuous functions and bounded,
continuous functions on [0, o) respectively. With this we can now determine the arrange of approximation for
the functions within the space C[0, %) N E where

f)

E= {f: 1+ 22 is convergent as x — 00}.

Theorem 2.1. Let f: [0, 0) — R be a continuous function which belongs to class E and

9',(y) 9" )
im———=1 and lim =1
y—0 0,(y) y—0o 0,(y)

(2.2)
Then we see that

L 2 (F32) = f(2)
uniformly as m — oo over every limited subset within the interval [0, o).
Proof. Under the assumption of (2.2) and using Lemma 2.2 for i = 0,1,2, we acquire the subsequent equality
L:,(lal'@)(si;x) — xt
fori = 0 which is
Lo (st x) = L7 (1;x) = 1.
So, we have

lim {L‘;,(l"l"’z)(1;x)} =1

m-—oo

Fori=1

L*;r(lo'pffz)(si;x) — L’;r(lo'po'z)(s; x) —

1 (ma'z(mxg(l))x N 9'1(g(D) N 20, + 1)
m+o;\ 9,(mxg(1)) 91(g(D)) 2 )

and we come off

lim {L:,(fl’@)(s; x)} = lim

m-—-0oo m-—-0oo

{ 1 (ma’z(mxg(l)) it 9'1(g(D)) N 20, + 1)}
m+0;\ 9;(mxg(1)) 9:(g(1)) 2

_ i L2(mre) 900
m-o d,(mxg(1)) y—0 0,(y)

Finally, fori = 2

lim {Ljf[’l'“z)(sz ; x)} = lim

1 (m?0"y(mag(D)
X
m-—oo m-oo (m + 0'2)2

d,(mxg (1))
N <m[a'1(g(1)) +(g" (1) + 1Do,(g(1))]0"2(mxg (1))
01(g(1))0,(mxg(1))
m(20, + 1)6’2(mxg(1))>
+
0y (mxg(l))
N (¢" (1) +1Dd'1(g(D) +3"1(g¢(D) + (20, + 1)3'1(g(D)) N 302 + 30, + 1}
61(9(1)) 3
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im 8”2(mxg(1))x +2 lim 9" — 52
m-o 9, (mxg (1)) moe 0,(y)

In the result, we come off

La;r(lal,oz)(si;x) — xt , i=0,1,2.

3. APPROXIMATION TO FUNCTIONS USING L.""2 OPERATORS

Theorem 3.1. Let f be a function within the class f € C[0,0) N E, then

L2 (f5 %) = F@)| < 20(f; 8 (x)),

where §,,(x) = /Mé%@)(x) and w(f;.) is modulus of continuity of the function f.

Proof. By using the operator (1.9), we have

k+0'1+1
*(0102) 1
(fi0) = ()] = 61(9(1))62(mxg(1))znk( D )iz, (F0)=F)do
1 k+a+1
< an () [ 1f @) = F)Idg.
91(¢(1))d, (mxg(1)) & sy
By using the property of the modulus of continuity, we have
k+0'1+1
*(0'1 03) 1 l _ .
(Fix) = f@)| <5 (g(l))az(mxg(l))z ) fy g, " (14510 = 21) o(f: )dg
(f 6) ) k+o,+1
wl\f, m+v,
= d
6, (9:(1))2, (mxg(D) ,ZO”" T i 4
k+o,+1
+an<mx)5 7 g —xlde

* 1 *
= (L 120 + 5L s = 213 ) o(f:8)

= (1 += L*("l"Z)(IS x[; x)) w(f;98)

(1+56) 0038 = 205500
In the result, we get

L7 (f2) = ()| < 20(f; 8 ().
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Definition 1. If for 0 < a < 1and M > 0 function f satisfy the following inequality, then it is called to be
Lipschitz property of arrange a

If(@®) = fO)l < Mt —x|*, t,x € [0,00)
the set of all function that belongs to Lipschitz class functions is given as follows (Srivasta et al., 2019).
Lipy(@) ={f:1f(®©) = f()| < M|t —x]|* ,  t,x €[0,00)}.

Theorem 3.2. Let f be a function of set Lipy, («), then for x > 0

L7 (f; %) — f(x)| < M8& (x)

where §,,(x) = IMgfj;l“’Z)(x).

Proof. By using the operator (1.9), we have

Ljr(lO'pO'z)(f; x) _ f(x)| — L*;r(lapaz)(f(s) — f(x);x)|

1 o+
) 61(9(1))62(mxg(1))k2”k (ma) ktoy *(f(@) - f()de
1 ko4
51(9(1))62(mx9(1))z i (mx) 1o, “1f (@) — f()ldo.
As fis a function of Lipy (a) then
ktoy+1
L7 (f;x) — f(x )| p (9(1))61(”1%(1))2@( mx) ko, * Mlg — x|%dg.

By application of Holder's inequality we obtain

k+o,+1
Z(ﬂk(mx)) 2 () [ |<p—x|“d<p}

L*(O'l:ffz) : _ <M 1
m (f; x) f(x)|< {al(g,(l))az(mxg(l)) kioy

<M 1
B {61(9(1))62(mxg(1))[

2-a
01(g(1))9;(mxg(D)] 2

2—a
1 > = .
g 101(¢(1))0, (mxg(1)) kZOn" (mx)] [01(g(1))a,(mxg(1))]?
1 k+01+1 %
— 2
X 31(9(1))az(mx9(1))2nk( x) oy * o — x|?do

2—a

<M {7 (10} 2 {17 (s - 03 x)}%
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- M( /Mgf;;l"’z)(x)>a.

L (f20) = F ()| < MSE ().
Definition 2. If f € Cg[0, o), then the Peetre's K- functional for f is defined by
K(f;8) = inf {IIf = gl + 611912100

where C2[0, ) = {g € C5[0,2): g’,g" € Cg[0, )} with the norm

In the result, we get

11911 cz10,00) = 1191l cg[0,00) T 19 Nlcgro,00) + 119" Nl cg0,00)-

A norm of linear space Cg[0, ) is defined by Sucu et al. (2012),

[1f1lcpo,00) = S If GOl
Definition 3. The second modulus of continuity of the function f € Cg[0, ) is defined by

Wy = oiliga”f(' +26) = 2f(+0) + f)llcglo,00) -
It is known that there exists a constant C > 0 such that (I¢6z & Eryigit, 2020).
K(f;6) < sz(f;\/g).

Theorem 3.3. Suppose f € C[0,) and x € [0, o). Then

L:r(lal,dz)(f; x) _ f(x)| < ZK(f: Am(x))

where
(X) — [M(U1 02)(x) + M(01 02)(x)]

and K (f;.) represents the Peetre's K -functional for the function f.
Proof. Suppose f € C3[0, ) with respect to x applying Taylor's theorem, we receive

1/)”(77)

P(s) =) + (s =P’ () + (s—x)?, nexs).

This results in

* 1,02 1,02 l/) @) 1,02
7192 ;) — () = P (OMIED () + T— ML (%) .
From this, it follows easily that.
*(01,02 1,02 1/) ) 1,02
L1 (5 x) = p(0)| < |9 COM{E? () +—— M7 ()

< M 00 + My ”2)(x)] W lesto-

With Lemma 2.2. and (2.1) equality, the estimation can be written as

L (f320) = f (0| =

L7 (f520) = L™ @ ) + L™ (s 0) = (@) = £ () + p (@)

(3.1

(3.2)
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< | P = i 0)| + |1 W 0 = 0| + I @) — w0l

< 20f = Wlcyom + [ W3 2) = ()|
< 201f = Yllcyto.m) + 26m Ol 1009

=2 (IIf = lcyfo00) + SOl 30 )

By finding the infimum among all ¢ € C3[0, %) and combining it with the definition of K(f;.), we can
deduce the intended result from the last inequality

L (f50) = (0] < 2K(f Am ().
Theorem 3.4. Suppose f € Cz[0, ). Then
Ljr(lO'pO'z)(f; X) — f(x)| < C(l)z (f, ,/’um(x)) + w (f, M](grlL’O-Z)(x))

here C is a positive constant and

1 2
(@) = 5 M 00 + MG @] )
and w, (f;.) denote the second order modulus of smoothness of function f .

Proof. Here we take the operators F "2 given by

E (53 = L (00 = £ (L (550 ) + (0, (33)
We can also derive this From Lemma 2.2.
ELv2)(s — x;x) = 0. (3.4)
Furthermore, 1 € C3[0, o) the subsequent equality can be derived using the Taylor formula,
N
B(s) = PG + (5 =W () + | (5 =Wy .
X

If we use the operator which is defined by (3.3), then

|E (s x) — )| =

Frga'pd'z) <fs(5 _ u) ¢"(u)du; X>

— L’:r(LCH,CTz) <fs(5 _ u) ll)”(u)du; X>

L;(ldl’gz)(s;x)

_ (L:r(lcn,rrz)(s; x) — u) Y (w)du + fx(s —w) Y (uw)du

X

<

L:r(LO'LCTz) <fs(5 _ u) ll)”(u)du; X)

L;(ldl’gz)(s;x

+ _[ (L’;,(fl'@)(s; x) — u) Y" (w)du|.

X
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If we use the relation which is defined by (2.1), then
Fr7D (s x) — ()| < %{Méfinl'f’z)(x) + M ] 9 leygo
< 4t (Ol 210,009 - (3.5)
Combining the definition of the operator Fn("l"TZ), Lemma 2.2 and (3.5), we acquire the estimation
L2 (f5x) = F@| = |[EVY 72 (F =30 = (F =) (0 + B () — ()
+f (17 s0) - £
Using the triangle inequality

LD (£ — £0O < [ES2(F = i) = (f =) @) + [ESD (s 0) - 9|

+f (L 0) - f60)
< 41f = Bllegtom + HHim Wl cgromy + @ (L™ (5 = :))

< 41f = Pllcyiom) + HimCOMllcgiozm + @ (M0,

Considering the relation between K (f;.) and w, (f;.) which is given by (3.1), then we have

L2320 = F ] < 4K (b () + 0 (£ M3 00)

< Cw, (f; \/,um(x)) +w (f; Mi%.az)(x)).

4. CONCLUSION

In this paper, a brief introduction is provided for the Szasz operator. This operator serves as the foundation for
exploring various approximation properties, leading to the creation of additional operators and polynomials.
One such operator is the Cheney and Sharma (1964) operator, giving rise to the emergence of orthogonal
polynomials. Subsequently, a model involving Appell polynomials is devised by Jakimovski and Leviatan
(1969). Following this, a study focusing on Brenke polynomials is conducted by Varma et al. (2012).
Additionally, a Kantorovich operator containing Brenke polynomials is introduced, along with an exploration
of the operator which is defined by Waterman incorporating generalized Brenke polynomials by Sucu (2022).
These operators, with their distinct formulations, are presented in a different format, specifically expressed as
(1.9) and encompassing an expansion of Brenke polynomials.

5. RESULT

In this paper, we have generalized the operators that are defined by Sucu (2022), and we defined them in
different shapes, it is shown as (1.9), where we call them Stancu Kantorovich type operators, including
generalized Brenke polynomials. Also, the approximation of functions is discussed. As mentioned in the
introduction section, with the motivation of these newly defined operators, we believe that it will be helpful
and valuable for the readers.
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