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Abstract 

 

In this paper, we have obtained some new integral 

inequalities of Steffensen type for  𝑃-function and  𝜂-

convex function with the help of identities proved by 

Mitrinovic et al.. 
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1. Introduction 

 

        Many function classes have been defined in the 

historical process of mathematics and one of these 

function classes is the class of convex functions. This 

function class has offered new application areas to 

mathematicians. The definition of this function class, 

which allows many new results to be obtained with 

the studies carried out on it and therefore attracts the 

attention of mathematicians, is as follows. 

 

Definition 1.1 The function RR →],[: baf , is 

said to be convex if the following inequality holds 

)()(1)())(1( yfxfyxf  −+−+     (1.1) 

 for all ],[, bayx   and [0,1] . We say that f  

is concave if )( f−  is convex.  
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One of the most important results obtained for convex 

functions is the inequality given below which is 

known as Hermite Hadamard inequality in the 

literature.  

 

Assume that RR →If :  is a convex function 

defined on the interval I  of R  where .< ba  The 

following statement holds  

.
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        (1.2) 

Both inequalities hold in the reversed direction if f  

is concave. 

 

One of the functions defined in the class of convex 

functions is the 𝜂-convex function. In (Gordji et al. 

2015), Gordji et al. introduced the idea of 𝜂-convex 

functions as generalization of ordinary convex 

functions and gave the following definition for 𝜂-

convexity of functions.  

 

Definition 1.2 A function R→],[: baf  is said to 

be 𝜂-convex (or convex with respect to 𝜂) if the 

inequality  

))(),(()())(1( yfxfyfyxf  +−+  

 holds for all ],[, bayx  , [0,1]  and 𝜂 is 

defined by R→ ]),([]),([: bafbaf .  

 

In the above definition if we set yxyx −=),( , 

then we can directly obtain the classical definition of 

a convex function. To see more results and details on 

𝜂-convex functions see (Delavar and Dragomir 2017, 

Gordji et al. 2015, Gordji et al. 2016). 
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Another function defined in the different class of 

functions is the 𝑃 function and its definition is given 

below.  

 

Definition 1.3 (Dragomir et al. 1995) A function 

RR →If :  is P  function or that f  belongs 

to the class of )(IP , if it is nonnegative and for 

Iba ,  and [0,1]  satisfies the following 

inequality,  

).()())(1( bfafbaf +−+   

The Hermite-Hadamard inequality obtained for P  

functions is as follows.  

Theorem 1.1 (Dragomir et al. 1995, Dragomir and 

Pearce 200) Let ],[= baI . Let P(I) be class of P  

functions defined on I  and )(IPf   be integrable 

function, then the following inequality of Hermite-

Hadamard type holds  
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       (1.3) 

In order to study certain inequalities between mean 

values, Steffensen (Steffensen 1918) has proved to 

following inequality (see also (Mitrinovic 1993, 

p.311)): 

Theorem 1.2 Let f  and g  be two integrable 

functions defined on ),( ba . f  is decreasing and for 

each ),( bat , 1)(0  tg . Then, the following 

inequality  

dttfdttgtfdttf
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   (1.4) 

 holds, where dttg
b

a
)(=  .  

Some minor generalization of Steffensen’s inequality 

in the (1.4) was considered by Hayashi (Hayashi 

1919), using the substituting Atg )/(  for )(tg , 

where A  is positive constant. For other result 

involving Steffensen’s type inequality, see (Hayashi 

1919, Mitrinovic et al. 1993). 

 

In (Mitrinovic et al. 1993), Mitrinovic et al. proved 

the following equality:  

Lemma 1.1  Let RR → +],[:, bagf  be 

integrable such that 1)(0  tg , for all ],[ bat  

and dttftg '
b

a
)()(  exists. Then we have the 

following representation  

dxxgxfdxxf
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                           (1.5) 
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 where dttg
b

a
)(:=  .  

 

In (Alomari et al. 2017), using this identity, Alomari 

introduced some new Steffensen type inequalities for 

𝑠-convex functions. 

 

The aim of this paper is to obtain new integral 

inequalities of Steffensen type for 𝜂-convex functions 

and 𝑃 function. 

 

2. Steffensen’s type inequalities for 𝜼-convex 

function 

Theorem 2.1 Let RR → +],[:, bagf  be 

integrable such that 1)(0  tg , for all ],[ bat  

such that dttftg '
b

a
)()(  exists. If f  is absolutely 

continuous on ],[ ba  such that || 'f  is − convex 

function on ],[ ba , then we have  
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 where dttg
b

a
)(:=  .  

Proof. Using Lemma 1.1 and since || 'f  is  -

convex function, we have  
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Theorem 2.2 Let RR → +],[:, bagf  be 

integrable such that 1)(0  tg , for all ],[ bat  

such that dttftg '
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)()(  exists. If f  is absolutely 

continuous on ],[ ba  such that || 'f  is − convex 

function on ],[ ba , then we have  
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Proof. From Lemma 1.1, we have  
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inequality in (2.4) follows directly, since 
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and so we proved inequality (3.2).  

 

Theorem 3.2 Let RR → +],[:, bagf  be 

integrable such that 1)(0  tg , for all ],[ bat  

such that dttftg '
b

a
)()(  exists. If f  is absolutely 

continuous on ],[ ba  such that || 'f  is P  function 

on ],[ ba , then the following inequalities holds  

dxxgxfdxxf
b

a

a

a
)()()(  −

+

 (3.3) 

 

( ) ( )]|)(|)(|)(|)(||)(|[)( bfafabafafdttg ''''
b

a
++−−+++





  +




 

 
( ) ( ) ( )]|)(|)(|)(|)(||)(|[ bfafabafafab '''' ++−−+++−− 

and  

dxxfdxxgxf
b

b

b

a
)()()(  −

−


 

 

( ) ( )]|)(||)(||)(||)(|)[()( 


−+++−−−




 

−

bfbfafbfabdttg ''''
b

a

 

 

( ) ( )]|)(||)(||)(||)(|)[(  −+++−−− bfbfafbfab ''''

 

 where dttg
b

a
)(:=  .  

 Proof. From Lemma 1.1, we can write  



44 |  E. Set et al. EAJS, Vol. 9 Issue 2 

 

 

dxxfdttgdxxgxfdxxf '
a

a

x

a
aax

b

a

a

a
|)(|))((1sup)()()(

],[


+

+

+





 −−







 

.|)(|)(sup
],[

dxxfdttg '
b

a

b

x
bax

 +
+





+



 

 Since || 'f  is P  function on ],[ ba  and using (1.3), 

we have  

( ),|)(||)(||)(| 


++
+

afafdxxf '''
a

a
 

 and  

( ).|)(|)(|)(|)(| bfafabdxxf '''
b

a
++−− +




 

 Therefore, we have  

dxxgxfdxxf
b

a

a

a
)()()(  −

+

 

 

( )




 −++ 

+

dttgafaf
a

a

'' ))((1|)(||)(|


  

 

( )




++−−+  +

dttgbfafab
b

a

'' )(|)(|)(|)(




 

  ( )|)(||)(|[)(,))((1max 




++−  +

+

afafdttgdttg ''
b

a

a

a

 

( )]|)(|)(|)( bfafab '' ++−−+   

 

( ) ( )].|)(|)(|)(|)(||)(|[)(= bfafabafafdttg ''''
b

a
++−−+++






 +




 

 Since 1)(0  tg  for all ],[ bat , we can write  

.)(0 


−−  +
abdttg

b

a
 

So, we obtained  

dxxgxfdxxf
b

a

a

a
)()()(  −

+

 

 

( ) ( )]|)(|)(|)(|)(||)(|[)( bfafabafafdttg ''''
b

a
++−−+++





  +




 

( ) ( ) ( )].|)(|)(|)(|)(||)(|[ bfafabafafab '''' ++−−+++−− 
 

Similarly  

 

dxxfdttgdxxfdxxgxf '
b

a

x

a
bax

b

b

b

a
|)(|)(sup)()()(

],[


−

−
− 



−






.|)(|))((1sup
],[

dxxfdttg '
b

b

b

x
bbx

 −
−





 −+



 

Since || 'f  is P  function on ],[ ba  and using (1.3), 

we get  

( ),|)(||)(|)(|)(| afbfabdxxf '''
b

a
+−−−

−




 and  

( ).|)(||)(||)(| 


−+ −
bfbfdxxf '''

b

b
 

 Therefore, we have  

dxxfdxxgxf
b

b

b

a
)()()(  −

−


 

( )




+−−− 

−

dttgafbfab
b

a

'' )(|)(||)(|)(




( )




 −−++  −

dttgbfbf
b

b

'' ))((1|)(||)(|


  

 

  ( )|)(||)(|)[())((1,)(max afbfabdttgdttg ''
b

b

b

a
+−−−−  −

−






 

( )]|)(||)(|  −++ bfbf ''
 

 

( ) ( )]|)(||)(||)(||)(|)[())((1= 


−+++−−−




 − −

bfbfafbfabdttg ''''
b

b

 

 Since 1)(0  tg  for all ],[ bat , we can write  

.))((10 


−  −
dttg

b

b
 

So, we obtained  

dxxfdxxgxf
b

b

b

a
)()()(  −

−


 

 

( ) ( )]|)(||)(||)(||)(|)[()( 


−+++−−−




 

−

bfbfafbfabdttg ''''
b

a

 

( ) ( )]|)(||)(||)(||)(|)[(  −+++−−− bfbfafbfab ''''

 

and the proof is completed.  

 

4.   Conclusion 

In the present paper, we prove some Steffensen’s type 

inequalities by utilizing P -function and  -convex 

function. The new bounds can establish by used 

different classes of convex functions instead of this 

convex functions by researches interested in the 

subject. 
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