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Abstract

In this paper, by making use of identity proved in Shi et al (2014) for fractional integrals,
several inequalities of Hermite-Hadamard type for quasi-convex functions via Riemann-
Liouville fractional integrals and the well known Holder integral inequality are obtained.
Some applications for the special means are also given.

Keywords: Quasi-convex function, Hermite-Hadamard inequality, Riemann-Liouville
fractional integral.

QUASI-KONVEKS FONSIYONLAR ICIN KESIiRLi HERMITE-HADAMARD
TiPLi ESITSIZLIKLER

Ozet

Bu makalede, kesirli integraller icin Shi ve arkadaslar1 tarafindan (2014)’de elde edilen
6zdeslik kullanilarak, Riemann-Liouville kesirli integralleri ve litaretiirde iyi bilinen Holder
esitsizligi yardimiyla quasi konveks fonksiyonlar i¢in Hermite-Hadamard tipli esitsizlikler
elde edilmistir. Ayrica 6zel ortalamalar i¢in baz1 uygulamalar verilmistir.

Anahtar Kelimeler: Quasi konveks fonksiyon, Hermite-Hadamard esitsizligi, Riemann-
Liouville kesirli integrali.
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Fractional Hermite-Hadamard Type Inequalities For Quasi-Convex Functions

1. Introduction

One of the most famous inequality for convex functions is so called Hermite-Hadamard
inequality as follows:
Let f:1 cR—>R beaconvex functionand x,yel with x<y,then
(Y e b Prpa< LT
2 y— X 2
is known as the Hermite-Hadamard inequality.

Definition 1.1 A function f:1 c R —R issaid to be convex if the inequality
f(tx+(1-t)y) <tf(xX)+(1-t)f(y)
holds forall x,yel and te[0,1].

Definition 1.2 A mapping f :1 - R is called quasi-convex on the convex set | if for all
x,yel and 4¢€[0,1]
f(Ax+(1-A)y) <max{f (x), f(y)}.

This class of functions strictly contains the class of convex functions defined on a convex set
in a real linear space, see Eberhand & Pearce (2000) and citations therein for an
overview.Recent studies have shown that quasi convex functions have quite close
resemblances to convex functions see, example Dragomir & Bond (1997), Dragomir &
Pearce (1998), Dragomir (1995), Pearce & Rubinov (1999) for quasi convex and even more
general extensions of convex functions in the context of Hermite-Hadamard’s inequalities.
Apart from generalizations to theory, weakening the convexity condition can increase
applicability. Thus in Pearce (2004) use is made of quasi-convexity to obtain a global
extremum with rather less effort than via convexity.

We give some necessary definitions and mathematical preliminaries of fractional calculus
theory which are used throughout this paper.

a

Definition 1.3 Let f e L[a,b]. The Riemann-Liouville integrals J; f and J;° f of order
a>0 with a>0 are defined by

39 F(x) = % [ty t @t x>a
and

3 (0 = % “t—x) f @ct, x<b

respectively where T'(a) = j:e“u“‘ldu. Here is J2, f(x)=J. f(x)= f(X). In the case of
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a =1, the fractional integral reduces to the classical integral. Some recent result and
properties concerning the operator can be found Belarbi & Dahmani (2009); Dahmani
(2010); Gorenflo & Mainardi (1997); Iscan (2013); Miller & Ross (1993); Sarikaya &
Ogunmez (2012); Sarikaya et al (2013); Set (2012) .

We establish here new Hermite-Hadamard type inequalities for quasi-convex function via

Riemann-Liouville fractional integral. An interesting feature of our results is that they
provide new estimate, on these types of inequalities for fractional integrals.

2. Main Results

Lemma 2.1 [15] Assume a,beR with a<b and f:[a,b] >R is a differentiable
function on (a,b).If f'e(L[a,b]) then the following equality holds:

BaIb L1 t)a+bjdt

) (ab)——[J'(l £ )f(

[t '(ta+ 1-p2* bjdt
0 4

+j(1 ta )f( a+3b+(1—t)bjdt

_.Etaf’( a+b e t)a+3det]

where for ¢ >0

® (a,b)

_;{f(a)+ ON f(a+bﬂ_4“‘11“(a+l)
2 2 2 (b—a)“

O S A L R G ]
MEAC S RN

2 4

It is easy to see that

(D(ab)__[f(a);f(b) (a;bﬂ_biaﬁf(x)dx'

Theorem 2.1 Let f:l cR—R be differentiable on 1° such that f’'eL([a,b]) with

a,bel, a<b and «>0.If | f'|* is quasi-convex function on [a,b] and q>1, then we
have the following inequality:
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@, (a,b)

[max{ ' q}+max{ f’(mj‘q ‘fr(a+3b)qu
Sb_a[ 2 4
16 a+l

e (e e IR e E

Proof. Using Lemma 2.1 and well known power mean inequality and the quasi-convexity
of | f'|" on [a,b], we get

@, (a,b)

b-a 10, 3a+b 1 (.3a+b a+b
s?[jot ( +(1-1) j‘du - f(t - t)—]‘t
1.l (.a+h a+3b 1 (.a+3b
+ jot f( +(1-1) j‘ t+ jo - f(t ; +(1—t)bj‘dt]

a2 o
(oo oo (22 (252
g oo )
Afo-of g o252 srorja

Substituting

1

x

/_/%\
—h

Ilt“dt -1
0 a+l

and
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j:(l—t“)dtzi

a+1

into the above inequality and simplifying lead to the required inequality. The proof of
Theorem 2.1 is complete.

Corollary 2.1 In Theorem 2.1, if we choose q =1, we have
|<I)a (a, b)|

a2 )

16 a+1
f,(3a:bj"f,[a;bj}+maxﬂ a+3b‘|f }J

Corollary 2.2 In Theorem 2.1, if we choose « =1, we have

@, (a,b)|

1
q ﬂ (a+qu
+maxq|f'| —
2
+max{
Corollary 2.3 In Theorem 2.1, if we choose q=1 and « =1, we have

|<I)l(a,b)|§E[max{ 3a+b ‘}+max{f’(a+bj,
32 2

+max{ }+ rnax{ f' angj‘,ﬁ’(b]}].

Theorem 2.2 Let f:l cR—R be differentiable on 1° such that f'eL([a,b]) with

a,bel, a<b and a>0. If |f'|" is quasi-convex function on [a,b], g>1 and
gq=r =0, then we have the following:

(3a+qu

4

q

,f(a+bj
2

1
Q}q

f,(a+3bj
4

(=2 ]

o
Qo |F

(2]

f,(3a+b Hf, a+bJ
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@, (a,b)

<b—a[ q-1 Li( 1 J:
- 16 \a(g-r)+qg-1 ar+1
( { : ,(3a+qu} { ,£a+qu
x| max f +max< || —
4 2

F(qu__rl_l]r(ij q F(1+i]l“(r +1)
F(Zq—r—1+1j F(r+1+1)

g-1 a o
( {,{3a+qu ,(a+b)q} { (a+3bj‘
x| max-<|f f/l —— +max- | f

4 2

f,(a+3bj
4

o

1
+| —
(24

o

Proof. Using Lemma 2.1 and well known Hdélder inequality and the quasi-convexity of
| f'|* on [a,b], we get

@, (a,b)|
b-a Lal g 3a+b L,
_F[jot ( +(1-1) j‘du

+j:ta f,( a+b t)a+3b]‘dt+ L
sbl_;‘[ﬁta(mdtJl;[j;tar max{ o f(Sa:bj‘q}dt];
+ j:(lta)[wdtjl:(ﬂ(lta)r max{ f'(ga:bjr,‘f'(a_;qu}dtf
+ j:ta[wdtllé[ [t ”HXH f (aij‘q . (af’b]q}dtf

" E(lt“)[mdt)l:{ﬂ(lta)fmax{ (a+3bj‘ b]} ]1

f’(t 3a:b +(1- t)a—”’j‘dt

f,(ta+3b
4

+ (1—t)b)‘dt]
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Substituting
[trdt = Lo
0 ar+1
q-r
jlta(‘“]dt - a1
0 a(@-r)+q-1’
LY
Il(l—t"‘)(‘”]olt=£ 9-1 J e/
0 —r—=
a 1_(Zq r 1+1j
g-1 a
and

1 F(l+ 1jr(r +1)
[a-t)dt= @
0 1
F(r++1j
a
into the above inequality and simplifying lead to the required inequality. The proof of
Theorem 2.2 is complete.

Corollary 2.4 In Theorem 2.2, if we choose r =0, we have

|(Da(a,b)|
=
Sb—a[( q-1 Jq
16 \eg+q-1
x{max{|f'(a)|q, f’(3a+bj
4
L
F(Zq—l)r(l) q
g-1 a
)
g-1 «

({2 22

1

|

a

Jo

f{a+bj
2

f,(a+3b]
4

1
+| =
(04

f’(a*fbj‘q, f'(b)q}J;].

Jo
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Corollary 2.5 In Theorem 2.2, if we choose r =, we have

|(Da (a, b)|

1

< b16a [( aqlﬂjq

x(max{ ! f’(3a;qu}+max{
r(i) 3 r(1+ijr(q +1)
r 1+l r l+£+
o)) i)
{2 e o2

Corollary 2.6 In Theorem 2.2, if we choose o =1, we have
|@,(a,b)

-t 1
<b—a[ q-1 q( 1 jq
- 16 (29-r-1 r+1

q
f,£a+bJ f,(a+3bj
2 4

|k

+
R |+

o
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Remark 2.1 If we choose r =1, then Theorem 2.2 reduces the Theorem 2.1.

Theorem 2.3 Let f:l cR—R be differentiable on 1° such that f’'eL([a,b]) with

abel, a<b and a>0. If |f'|" is quasi-convex function on [a,b], g>1 and

i+i =1, then we have the following inequality:

P q

@, (a,b)|

_b- a[ 1
< 16 \ep+1

3a+b
max|f(a)| f( 2 j

o P

F(p+1)

p+—+1

[ o2 o]

Proof. Using Lemma 2.1 and well known Holder inequality and the quasi-convexity of
| f'|* on [a,b], we get
|cDa(a, b)|

b-a Lal g 3a+b 1
s?[jot (ta (1-t) j‘dn -

+[te f'( ath - t)a+3bj‘dt+ (-

a[(E(ta)pdtj;(m{ T f,(3a:b)

3a+b

f’(t 3a:b +(1- t)a—”’)‘dt

f,(ta+3b
4

qM:

+ (l—t)bj‘dt]
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1 q q q
+U1(1—ta)9dtj" max f’(3a+b] f(a—”’j dt
0 4 2
£}
1 q q q
o(fea|m {252 {252
0 2 4
(1—t*)Pdt » e | (230 ) (b)* ot
+Uo - ) 4 '
1

[aryrd=—1—
0 ap+1

o

Substituting

. F(1+ ljl“(p+l)
-ty de= (“

r p+1+1j

(04

into the above inequality and simplifying lead to the required inequality. The proof of
Theorem 2.3 is complete.

Corollary 2.7 In Theorem 2.3, if we choose « =1, we have
|(Dl(a! b)|

(b-a (Lj
16 \p+1
(F(p+1)J
T(p+2)

(T

1

ol

q
f(a+bJ’
2

Jo

f,(a+3bj
4

(2
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3. Applications

We shall consider the means for two positive numbers a>0 and b>0. We take
1. Arithmetic mean:

a+b
A(a,b) = ——.
(a,b) 5

2. Harmonic mean:
H(a,b):ﬂ.
a+b

3. Generalized log-mean:

1

bp+1_ap+l p
m s p;tO,—land aib,

Lp(a!b): b_—a’ p:_]_and a;ﬁb’
Inb-Iha
I(a,b), p=0anda=b,
a, a=h.

Now, using the results of Section 2, we give some applications to special means of
numbers.

Theorem3.1Let b>a>0, q>1 and peR.
1. If p>1 and g(p-1)<1,or p<0 and p=#-1 then

|A(av,bp);[A(a,b)]" ~[L,(ab)’

— 1 1
< pl’ —b3 2a [max {a?P 2, Aa, A(a,b)) "2 Ja + max {A(a, b)** ™, A(A(a, b), b) " Ja

1 1
+ max {A(a, A(a, b)) 1™ Aa, b)Y }E + max {A(A(a, b), b)) AP }E].

2. If p=-1,then

o1 1] 1
2| H(a,b) A(ab)| L(ab)|

b—a { 1 1 }; { 1 1 }3
< ——[max STV VIIRNY +max 2q° 2
32 a® ' A(a, A(a, b)) A(a,b)2 " A(A(a,b), b)™
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1 1

{ 1 1 }q { ; : }
max —, o Fmaxy——————— —— ¢ .
A(a, A(a,b))*  A(a,b)™ A(A(a,b),b)* b

3. Ifg=1land p>2,or g=1and —1= p<0,then

|A(av,bp);[A(a,b)]'” ~[L,@ab)?

< pl % [max {a(p_l) ,A(a, A(a, b)) }+ +max {A(a, b)* 2, A(A(a,b), b)P Y }

+max {A(a, A(a,b))*?, A(a,b) " |+ max {A(A(a,b), b) * Y, b .

4, If p=-1 and g=1, then
‘1

o1 1] 1 |
2| H(a,b)  A(a,b)| L(ab)|

b-a { 1 1 } { 1 1 }
32 a2’ A(a, A(a,b)) A(a,b)?’ A(A(a,b),b)

{ 1 1 } { 1 1 }
max =, = Fmaxy—————, —+].
A(a, A(a, b)) A(a,b) A(A(a,b),b)* b

Proof. The assertion follows from Corollary 2.2 applied to the quasi-convex mapping
f(x)=x", peR.
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